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In these lectures we give an overview of the duality between gravitational
theories of massless higher spin fields in AdS and large N vector models.
We first review the original higher spin/vector model duality conjectured
by Klebanov and Polyakov, and then discuss its generalizations involv-
ing vector models coupled to Chern-Simons gauge fields. We proceed
to review some aspects of the theory of massless higher spins, starting
with the Fronsdal equations for free fields and moving on to the fully
non-linear Vasiliev equations in four dimensions. We end by reviewing
some recent tests of the higher spin/vector model duality at the level of
correlation functions and one-loop partition functions.
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1. Introduction
The aim of these notes is to provide a pedagogical introduction to some
aspects of gravitational theories of massless higher spin (HS) fields, and in
particular review recent progress in understanding their role in the context
of the AdS/CFT correspondence.
The problem of constructing field theories describing the consistent
propagation and interactions of HS fields (s > 2) has a long history and
is a highly non-trivial one. In the case of massless fields in particular, the
possible interactions are greatly restricted by the higher spin gauge sym-
metry that must be present to decouple unphysical polarizations. In flat
spacetime, powerful no-go theorems [1, 2], see e.g. [3] for a review, severely
constrain the S-matrix in the presence of massless HS particles. Essentially,
having massless HS fields results in higher conservation laws that are too
restrictive to allow, under general assumptions, for a non-trivial S-matrix.
The flat spacetime no-go theorems can be circumvented if one assumes
a non-zero cosmological constant, i.e. (A)dS backgrounds, where S-matrix
arguments do not apply. Consistent cubic vertices of massless HS fields
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in (A)dS were explicitly constructed by Fradkin and Vasiliev [4] and, re-
markably, a fully non-linear theory of interacting higher spins in (A)dS was
found by Vasiliev [5–8]. Let us summarize some important features of the
theory:
• Vasiliev constructed the exact non-linear equations of motion of
the theory. They admit a vacuum solution which corresponds to
the maximally symmetric space (A)dS.
• In the simplest bosonic version of the model in AdS4, the spectrum
of fluctuations around the vacuum includes a scalar field with m2 =
−2/`2AdS (this value corresponds to a conformally coupled scalar.
It is above the Breitenlohner-Freedman bound [9]), and a tower
of HS massless fields of all spins, s = 1, 2, 3, . . . ,∞. A minimal
truncation to a spectrum involving only even spins is possible. It
is essential for the consistency of the theory that the spectrum
includes an infinite tower of HS fields.
• While the original equations were written in 4d, generalizations to
(A)dSd+1 for all d have been constructed [10].
• In all versions of the HS theory, the spectrum always includes a
s = 2 field, the graviton. Hence, HS gauge theories are in particular
theories of gravity, which generalize the familiar Einstein theory by
the inclusion of an infinite tower of massless higher spins.
• The interactions among the higher spin fields involve higher deriva-
tives; they carry inverse powers of the cosmological constant, and
are singular in the flat space limit. The theory intrinsically lives in
(A)dS.
• Quantization of the theory is not fully understood at the moment,
mainly because a conventional action for the theory has not been
constructed yet.a However, one may speculate that due to the infi-
nite dimensional HS symmetry, the theory may provide a UV finite
model of quantum gravity. Some preliminary evidence towards this
was recently given at one-loop level [19, 20].
While the Vasiliev HS theory was constructed several years before the
discovery of the AdS/CFT correspondence [21–23], one can in fact see that,
aInteresting work on the action principle in HS theories have appeared in recent years [11–
15] (see [16] for earlier work), though it appears that an explicit action which at quadratic
level reduces to the familiar free field actions is not available at present. Nevertheless,
we believe that there should be an underlying, ordinary action in terms of the physical
HS fields. For recent progress in constructing such actions perturbatively, see [17, 18].
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from the AdS/CFT viewpoint, it is natural that consistent theories of mass-
less HS fields do exist: they have precisely the right structure to be dual
to simple vector model CFTs at the boundary of AdS. Starting in Section
2 with a summary of the basics of HS symmetries in CFT, we move on
to show how the various features of the HS theories listed above can be
naturally understood from the CFT point of view. This will lead us to
review the original higher spin/vector model conjecture of Klebanov and
Polyakov [24] in Section 3 and 4, and its fermionic generalization [25, 26]
in Section 5. In Section 7, we review the recent extensions [27, 28] of these
conjectures to Chern-Simons gauge theories coupled to vector models, and
the “3d bosonization” duality [29, 30] relating scalar and fermionic theories
coupled to Chern-Simons. In Section 8, we review the Fronsdal equations
for free massless HS fields, and then move on to describe the frame-like for-
mulation of HS fields which is at the basis of Vasiliev non-linear equations.
These equations, in the 4d case, are reviewed in Section 10. Finally, in
Section 10.6 and 11, we review recent tests of the higher spin/vector model
dualities at the level of 3-point correlation functions and vacuum partition
functions.
While these notes are meant to be pedagogical, they are by no means
comprehensive, and there are a number of topics that will not be covered.
In particular, our focus will be mainly on the AdS4/CFT3 dualities (and
briefly on their higher dimensional generalizations). There is a large body of
literature on the AdS3/CFT2 version of the higher spin/CFT duality [31],
see [32] for a review, which unfortunately we will not have time to cover.
2. Higher Spins from free CFT
To introduce the concept of HS currents and the corresponding symmetries,
let us start with a very simple theory: a free massless scalar field
S =
∫
ddx
1
2
(∂µφ)
2
. (1)
We keep for now the space-time dimension d > 2 arbitrary, though the focus
of these lectures will mainly be on the case d = 3. We assume Euclidean
signature throughout. Of course, this model is a conformal field theory. As
it is well known, it admits a conserved, traceless stress-energy tensor (see,
for instance, [33])
Tµν = ∂µφ∂νφ− 1
4(d− 1)
(
(d− 2)∂µ∂ν + gµν∂2
)
φ2 . (2)
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This is an operator of spin 2 and conformal dimension ∆ = d, as one can see
directly from the fact that a free scalar field has dimension ∆φ = d/2− 1.
It is easy to explicitly verify (and left as an exercise) that this operator is
conserved and traceless
∂µTµν = 0 , T
µ
µ = 0 (3)
up to terms that vanish by the equation of motion ∂2φ = 0. Given a
conformal Killing vector ζµ, which satisfies ∂µζν + ∂νζµ =
2
dgµν∂
ρζρ, one
can construct from Tµν a conserved current J
ζ
µ = Tµνζ
ν , and from it a
conserved charge in the standard way. The resulting conserved charges
yield to the (d+ 1)(d+ 2)/2 generators of the conformal group
Pµ , Mµν , Kµ , D (4)
which are in one-to-one correspondence with the conformal Killing vectors
(there are d+d(d−1)/2 Killing vectors respectively for translations Pµ and
rotations Mµν , and d + 1 conformal Killing vectors for special conformal
generators Kµ and dilatations D).
Now it turns out that this free CFT admits a much larger symmetry,
which is an infinite dimensional extension of the conformal algebra: this is
the HS algebra. The simplest and most explicit way to see this is to realize
that the theory has a tower of HS operators, one for each even spin s, which
are conserved. These are bilinears in the scalar field carrying s-derivatives,
with the structure
Jµ1µ2···µs =
s∑
k=0
csk∂{µ1···µkφ∂µk+1···µs}φ , s = 2, 4, 6, . . . (5)
where the curly brackets denote traceless symmetrization, so that the cor-
responding operator is totally symmetric and traceless, corresponding to
an irreducible representation of SO(d) of spin s (note that odd spins are
not present since we have a single real scalar field). The coefficients csk can
be fixed by imposing conservation
∂µJµµ2···µs = 0 . (6)
For explicit calculations, it is often useful to employ an “index-free” nota-
tion by introducing an auxiliary polarization vector µ, which can be taken
to be null, µµ = 0. In Euclidean signature, such null vector is complex,
but this is no cause of concern for our purposes. Then, we may construct
the index-free objects
Js(x, ) = Jµ1µ2···µs
µ1 · · · µs . (7)
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Note that, since the polarization vector µ is null, trace terms are automat-
ically projected out. One may “free” indices with the aid of the differential
operator in the auxiliary polarization vector space [34–36]
Dµ =
(
d
2
− 1 + ν ∂
∂ν
)
∂
∂µ
− 1
2
µ
∂
∂ν
∂
∂ν
. (8)
Acting with this operator removes the polarization tensor while keeping
track of the constraint µµ = 0, i.e. one has
Jµ1···µs ∝ Dµ1 · · ·DµsJs(x, ) (9)
and the conservation equation (6) may be compactly expressed as
∂µDµJs(x, ) = 0 . (10)
The spin-s operators (5) may be expressed in this language as
Js(x, ) =
s∑
k=0
csk( · ∂)kφ( · ∂)s−kφ = φfs( · ←−∂ ,  · −→∂ )φ , (11)
where we have encoded the coefficients csk into the function of two variables
fs(u, v). Using the equation of motion ∂
2φ = 0, one can then show that
the conservation equation (10) yields the differential equation(
(d/2− 1)(∂u + ∂v) + u∂2u + v∂2v
)
fs(u, v) = 0. (12)
Equivalently, one may obtain the same equation by requiring that the op-
erators (11) are primaries, i.e. they commute with the special conformal
generators at x = 0. This is equivalent to conservation as a consequence
of the conformal algebra [Kµ, Pν ] = 2igµνD − 2iMµν and the fact that Js
has spin s and conformal dimension ∆s = d− 2 + s (since φ is a free field):
this is the unitarity bound for a spin s primary operator, and its saturation
implies that Js is a conserved current [37].
The solution to (12) can be expressed in terms of Gegenbauer polyno-
mials, see e.g. [35] for details. In terms of the representation (11), we may
write (up to overall irrelevant normalization constant)
fs(u, v) =
s∑
k=0
(−1)k
k!(k + d−42 )!(s− k + d−42 )!(s− k)!
ukvs−k (13)
which defines the coefficients csk introduced above. Let us also mention that
it is often convenient to package all HS operators into a single generating
function (this is also natural from the point of view of the bulk HS theory,
where the HS fields are packaged into a single “master field”, as we will see
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later). For instance, in d = 3 a nice form of the generating function is given
by [38]
J (x, ) = φ e·
←−
∂ −·−→∂ cos
(
2
√
 · ←−∂  · −→∂
)
φ . (14)
The reader may verify that, expanding in powers of , this correctly repro-
duces the HS operators obtained above. One may also derive analogous
generating functions in general dimension d, but we will not give their ex-
plicit form here.
Given the conserved spin-s currents Js, we can construct conserved
charges Qs which generate the corresponding symmetries. These can be
obtained in a canonical way that generalizes the discussion reviewed above
for the stress tensor. Given a spin-(s−1) conformal Killing tensor ζµ1···µs−1 ,
b one can write down an ordinary conserved current
Jζs−1µ = Jµµ2···µsζ
µ2···µs , ∂µJζs−1µ = 0 (15)
and from this the corresponding conserved charge Qs in the usual way. For
s = 2, this leads to the generators of the conformal group. For higher spins,
we get further generators that are essentially higher derivative symmetries.
They schematically act on the scalar field as
[Qs, φ] ∼ ζµ1···µs−1∂µ1 · · · ∂µsφ . (16)
Note that there is one charge for each conformal Killing tensor ζs−1. These
can be constructed from tensor products of the conformal Killing vectors,
and they organize in representations of the conformal group SO(d + 1, 1)
given by a Young tableaux with two rows with s − 1 boxes (e.g. for spin
2, this is just the adjoint representation), see for instance [39] and [40].
The number of HS generators at each spin s is then the dimension of this
representation. In d = 3, for example, there are s(4s2 − 1)/3 generators at
spin s. The algebra generated by commutators of these charges is the HS
algebra. One of its distinguishing features is that it is intrinsically infinite
dimensional; the only finite subalgebra is given by the spin 2 generators,
corresponding to the conformal algebra. In general, commutators of charges
produce charges of greater spins, and one needs the infinite tower to get a
closed algebra. For example, the schematic structure of the commutator of
spin 4 charges is
[Q4, Q4] ∼ Q2 +Q4 +Q6 , (17)
bA conformal Killing tensor is a symmetric tensor satisfying ∂(µ1ζµ2···µs) =
s−1
d+2s−4g(µ1µ2∂
νζµ3···µs)ν .
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which shows that once a spin 4 charge is present, we must also have a spin
6 charge, and so on. This is of course clear from the explicit construction
in terms of the free scalar CFT, where we see that we have an infinite
tower of conserved currents, but one may proceed more abstractly and
ask whether there can be other CFTs with (exact) higher spin symmetry.
This question was answered by Maldacena and Zhiboedov [41], who showed
that, assuming a CFT with an exactly conserved spin 4 current J4, then
an infinite tower of conserved HS operators must be present in the theory,
and all correlation functions of local operators coincide with those of a free
CFT (the analysis of [41] was in d = 3; the generalization to higher d was
studied in [42–45]).
2.1. The free O(N) vector model
To move towards the AdS/CFT side of the story, we can consider a simple
generalization of the above free scalar CFT. We take N massless free scalars
S =
∫
ddx
1
2
(
∂µφ
i
)2
(18)
with equation of motion
∂2φi = 0 , i = 1, . . . , N . (19)
The model has now a global O(N) symmetry under which φi transforms
in the fundamental, or vector, representation. We will therefore refer to
this as the (free) O(N) vector model. There are now conserved higher spin
currents carrying the O(N) indices
J ijs (x, ) =
s∑
k=0
csk( · ∂)kφi( · ∂)s−kφj (20)
where the coefficients csk are the same as in the previous section. These
operators may be decomposed into irreducible representations of O(N)
J ijs → Js + J (ij)s + J [ij]s (21)
where Js, s = 2, 4, 6, . . . are O(N) singlets; J
(ij)
s , s = 2, 4, 6, . . . are in the
symmetric traceless; and J
[ij]
s , s = 1, 3, 5, . . . in the antisymmetric repre-
sentation. The conformal stress tensor is the O(N) singlet J2. The spin
1 operator J
[ij]
1 is just the current in the adjoint which corresponds to the
global O(N) symmetry.
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3. From CFT to AdS: higher spin/vector model duality
We now consider the following truncation of the O(N) vector model: we
declare that we are interested only in correlation functions of O(N) invari-
ant operators, i.e. we truncate the model to its O(N) singlet sector (as
we will discuss more later, this can be done in practice by weakly gaug-
ing the O(N) symmetry). Then, there is a meaningful separation between
“single trace” operators and “multi-trace” operators, where we borrow the
terminology usually employed in matrix-type theories. In this vector model
context, “single trace” just means that there is a single sum over the O(N)
indices. Hence, the single trace operators are just the bilinears in φi. The
full list of single trace primaries is thus exhausted by the singlet higher spin
currents plus the scalar operator J0 = φ
iφi of dimension ∆0 = d− 2
single trace : J0 +
∑
s=2,4,6,...
Js
(∆, S) =(d− 2, 0) +
∑
s=2,4,6,...
(d− 2 + s, s) .
(22)
This result is essentially equivalent to the Flato-Fronsdal theorem [46, 47].
The O(N) invariant operators containing more than two scalar fields are
the equivalent of multi-trace operators. For instance, an operator of the
schematic form
(φiφi)(φj∂sφj) (23)
should be viewed as a double-trace operator. Its dimension is equal to the
sum of the dimensions of its single trace constituents (and if interactions
are turned on, it is equal to the sum of the single trace dimension plus
corrections that are small in the large N limit).
If we assume that the AdS/CFT correspondence holds in its most gen-
eral form, we expect that this singlet sector CFT should be dual to some
kind of gravitational theory in AdS, which becomes weakly coupled in the
large N limit. What should such AdS dual look like? According to the
general rules of AdS/CFT
Single trace operators in CFT ⇔ Single particle states in AdS
Thus, the CFT single trace spectrum (22) should match the single particle
spectrum of the bulk dual (multi-trace operators such as (23) should be
dual to multi-particle states in AdS). Conserved currents in a CFT are
dual to corresponding gauge fields in AdS. The spin 1 and spin 2 examples
of this are familiar in usual applications of AdS/CFT: a conserved spin 1
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current is dual to a spin 1 gauge field in the bulk, and the conserved stress
tensor is dual to the graviton. The same idea generalizes to all spins. Thus,
for each conserved spin s current we expect a corresponding massless HS
gauge field in AdS
Js, ∂ · Js = 0 ⇔ Massless HS gauge field ϕs δφs ∼ ∇s−1
(24)
The global HS symmetry on the CFT side corresponds to a HS gauge
symmetry in the bulk generated by a spin s− 1 gauge parameter s−1. In
addition, the scalar operator J0 = φ
iφi should be dual to a bulk scalar field
J0 ⇔ Scalar field ϕ with m2 = ∆0(∆0 − d)/`2AdS (25)
where the mass of the bulk scalar is fixed by the familiar AdS/CFT relation
in terms of the conformal dimension of the dual operator. In the free scalar
CFT, we have ∆0 = d−2 and hence m2 = −2(d−2)/`2AdS . As it turns out,
(24) and (25) is precisely the spectrum of the so-called minimal bosonic
Vasiliev higher spin theory in AdSd+1 [10]. In particular, the mass of the
scalar field is not a free parameter and is dictated by the structure of the
HS invariant equations.
The CFT and AdS single trace/single particle spectra clearly match,
but what about interactions? In the CFT, the basic object of interest are
correlation functions of primary operators. In the free CFT, these are easy
to compute, using the explicit expressions for the currents Js given above
and the free field Wick contractions. For instance, the 3-point function of
the HS operators can be computed by the triangle diagram in Figure 1,
where each line is a scalar propagator and the vertices include the appro-
priate derivatives. Explicit expressions for these correlation functions can
be found for instance in [38, 48, 49] (see also [50] for higher point functions).
According to the AdS/CFT dictionary, these correlation functions should
be matched to a dual Witten diagram calculation, as shown for instance in
Figure 2 for the 3-point function. Clearly, since the CFT correlation func-
tions are non-zero, there must be non-trivial interactions of the HS gauge
fields in the AdS dual theory. Therefore, from AdS/CFT point of view, it
is not surprising that consistent interactions of massless HS fields in AdS
should exist. And indeed, Vasiliev theory provides an explicit construction
of such consistent interactions (even though, as mentioned earlier, Vasiliev
equations were in fact written down before AdS/CFT).
The perturbative expansion in the bulk, controlled by the coupling con-
stant denoted gbulk in Figure 2, is related as usual to the large N expansion
on the CFT side. We can see this as follows. If we normalize the currents
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Js1 ~  f ds1 f 
Js2 ~  f ds2 f Js3 ~  f ds3 f 
< Js1 Js2 Js3 >CFT =
Fig. 1. Three-point function of HS currents in the free scalar CFT. Solid lines represent
free scalar propagators.
Js1
Js2Js3
< Js1 Js2 Js3 >CFT = + ...
gbulk
js1
js2js3
Fig. 2. Holographic 3-point function
Js so that they have 2-point functions of order one, i.e. Js ∼ 1√N φi∂sφi,
then the 3-point functions scale as
〈Js1Js2Js3〉 ∼
1√
N
with 〈JsJs〉 ∼ O(1) . (26)
Therefore, we see that
gbulk ∼ 1√
N
. (27)
Introducing Newton’s constant in the usual way as Sbulk ∼
1
GN
∫
dd+1xLbulk = 1g2bulk
∫
dd+1xLbulk, we then see that the required scaling
of the Newton’s constant with N in the higher spin/vector model dualities
is (we set the AdS scale to one here)
GN ∼ N−1 . (28)
Note that this is different from versions of the AdS/CFT duality involving
adjoint fields, where GN ∼ N−2. In any case, it is clear that, as usual, the
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1/N expansion on the CFT side is mapped to the perturbative expansion
on the AdS gravity side, which runs in powers of the Newton’s constant.
A particularly interesting CFT correlation function is the 3-point func-
tion 〈TTT 〉 of the stress-tensor. This is given, to leading order in the bulk
expansion, by a tree-level Witten diagram as in Figure 2, and it involves the
cubic coupling of the graviton. One may ask whether this cubic coupling
is perhaps the same as the one obtained from the ordinary two-derivative
Einstein gravity
SEinstein =
1
GN
∫
dd+1x (R+ Λ) . (29)
Let us specialize to the case of d = 3. It is known [33, 49, 51] that in
a general 3d CFT the stress-tensor 3-point function is fixed by conformal
invariance and conservation to be a linear combination of three structures
〈TTT 〉 = aB〈TTT 〉free sc + aF 〈TTT 〉free fer + aodd〈TTT 〉odd (30)
where the first two structure correspond to the stress-tensor 3-point func-
tions in free scalar and free fermion theories (which yield independent tensor
structures), and the third one is a parity odd tensor structure which does
not arise in free theories, but can arise in interacting theories that break
parity. Using AdS/CFT, the stress tensor 3-point function that follows
from the ordinary Einstein gravity was computed in [52]. It turns out to be
a linear combination of scalar and fermion structures.c Therefore, the HS
dual to the free O(N) vector model must have a cubic graviton coupling
which is different from the ordinary Einstein gravity. The coefficients aB ,
aF in (30) can be changed by adding higher derivative terms to the Einstein
action. So we learn that the HS dual should be a higher derivative theory
of gravity, at the level of interactions. One can verify that this is indeed
a feature of Vasiliev theory, as was briefly mentioned above: interactions
involve higher derivatives.
From all the above arguments we see that a consistent theory of inter-
acting HS gauge fields in AdS should exist, because it should provide the
AdS dual of free CFTs. The known features of Vasiliev theory all agree
with what we expect from CFT perspective. So it is very natural to con-
jecture [24] the higher spin/vector model duality
Free O(N) vector model ⇔ Higher Spin Gravity in AdS
(singlet sector)
cIn fact, it corresponds to the 3-point function of the stress tensor in the supersymmetric
CFT.
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Note that, while the focus of these lectures is mainly on d = 3, this duality
between free scalar vector model and HS gravity makes sense in any d, and
the corresponding non-linear HS theories are explicitly known [10].
3.1. Complex scalars and U(N) vector model
In the above discussion we focused on the theory of N real scalars restricted
to the O(N) singlet sector. Of course, we may also consider N complex
scalars, for which we can write the U(N) invariant Lagrangian
S =
∫
ddx ∂µφ
∗
i ∂
µφi , (31)
and restrict to the U(N) singlet sector. The single trace spectrum in this
case then involves also odd spin currents
single trace (U(N) singlets): J0 +
∞∑
s=1
Js
(∆, S) =(d− 2, 0) +
∞∑
s=1
(d− 2 + s, s) .
(32)
For instance, for s = 1 we have the familiar current J1 = φ
∗
i
↔
∂ φi. The
dual HS theory should then involve HS gauge fields of all spins, one for
each integer spin. In fact, this is precisely the spectrum of the bosonic
Vasiliev theory in AdSd+1 [10], and the minimal theory involving even spins
only (dual to the O(N) model) can be obtained from it by imposing a
certain consistent truncation on the master fields. Let us mention that
for the complex scalar theory (31) with N even, one can also impose a
USp(N) singlet constraint [19]. In this case, the single trace spectrum
includes one current for each even spin, and three currents of each odd
spin. This spectrum is precisely dual to the Vasiliev theory based on the
algebra husp(2, 0|4) [8], whose odd spin gauge fields transform in the adjoint
of USp(2) = SU(2).
4. Interacting O(N) model and its AdS dual
The conjecture that the singlet sector of the free O(N)/U(N) scalar CFT
is dual to Vasiliev HS gravity was first made precise in [24]. Earlier closely
related work [53–61] focused on the correspondence between free CFTs with
matrix-like fields and higher spin theories, stemming from the motivation of
understanding the duality between N = 4 SYM theory and type IIB string
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theory in the small gauge coupling limit. In free CFTs with matrix-like
fields the single trace spectrum includes, similarly to the discussion of the
previous sections, conserved HS currents Js ∼ Tr(Φ∂sΦ) which should be
dual to massless HS gauge fields in AdS. However, in addition there is an
exponentially growing number of single trace operators that are not con-
served currents, and should be dual to massive fields in AdS. Vectorial CFTs
provide much simpler realizations of the AdS/CFT duality, as elucidated
in [24]: the spectrum of single trace operators in the singlet sector (22) just
consists of the bilinears, and can be put in one-to-one correspondence to HS
gravity theories of the Vasiliev type, as explained in the previous section.
While the duality between free vector model and HS gauge theory is
already by itself a very interesting example of a potentially exact, non-
supersymmetric version of AdS/CFT, a crucial observation made in [24]
is that one can in fact easily generalize the duality to the case of large N
interacting vector models. Let us consider the standard O(N) model with
quartic interaction
S =
∫
ddx
(
1
2
(∂µφ
i)2 +
m2
2
(φiφi) +
λ
4
(φiφi)2
)
. (33)
It is well-known that in 2 < d < 4, this model has non-trivial interacting
IR fixed points. Indeed, the interaction is relevant for d < 4, and it triggers
a RG flow from the free CFT in the UV to an interacting CFT in the IR
(provided the bare mass term is suitably tuned to reach criticality). This
RG flow is perturbative in the framework of Wilson-Fisher  expansion.
Working in d = 4− , one finds the familiar one-loop beta function
βλ = −λ+ N + 8
8pi2
λ2 + . . . (34)
and there is a weakly coupled IR fixed point at λ∗ = 8pi
2
N+8+O(
2). One may
then compute various physical quantities in the  expansion, and provided
sufficiently high order calculations are performed, one can obtain this way
estimates in the physical dimension d = 3 ( = 1), where the IR CFT is
strongly coupled.d The same interacting CFT may be also described, as it
is well known (see e.g. [63] for a review), by the UV fixed points of the O(N)
non-linear sigma model, which are weakly coupled in d = 2 +  [64, 65].
A complementary approach that can be developed at arbitrary dimen-
sion d, and is more natural for comparison with AdS, is the large N expan-
sion. A standard way to develop this expansion is based on introducing a
dThis typically requires some resummation procedure, see e.g. [62] for a review.
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Hubbard-Stratonovich auxiliary field σ as
S =
∫
ddx
(
1
2
(∂φi)2 +
1
2
σφiφi − σ
2
4λ
)
, (35)
where we have set the mass term to zero since we are interested in the
CFT.e Integrating out σ via its equation of motion σ = λφiφi, one gets
back the original lagrangian. However, integrating out the fundamental
fields φi generates an effective non-local action for σ
Z =
∫
DφDσ e
− ∫ ddx( 12 (∂φi)2+ 12σφiφi−σ24λ )
=
∫
Dσ e
1
8
∫
ddxddy σ(x)σ(y) 〈φiφi(x)φjφj(y)〉0+
∫
ddxσ
2
4λ+O(σ3)
(36)
where we have assumed large N and the subscript ‘0’ denotes expectation
values in the free theory. We have
〈φiφi(x)φjφj(y)〉0 = 2N [G(x− y)]2 , G(x− y) =
∫
ddp
(2pi)d
eip(x−y)
p2
.
(37)
In momentum space, the square of the φ propagator reads
[G(x− y)]2 =
∫
ddp
(2pi)d
eip(x−y)G˜(p) (38)
G˜(p) =
∫
ddq
(2pi)d
1
q2(p− q)2 = −
(p2)d/2−2
2d(4pi)
d−3
2 Γ(d−12 ) sin(
pid
2 )
≡ − 2
C˜σ
(p2)d/2−2
and so from (36) one finds the effective quadratic action for σ
S2 = −
∫
ddp
1
2
σ(p)σ(−p)
[
N
C˜σ
(p2)d/2−2 +
1
2λ
]
. (39)
From this expression we see that for d < 4 the induced kinetic term dom-
inates in the IR limit compared to the bare quadratic term in (35), and
hence the latter can be dropped at the IR fixed point. The conclusion is
that, to develop the 1/N expansion of the critical IR theory, we may work
with the action
Scrit =
∫
ddx
(
1
2
(∂φi)2 +
1
2
√
N
σφiφi
)
(40)
where we have rescaled σ for convenience, so that its two-point function
scales as N0, and 1/
√
N acts as a coupling constant. From (39), we thus
eWe assume a regularization scheme such that mass is not generated if the bare mass is
set to zero in the UV.
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find the two-point function of σ in the IR to be
〈σ(p)σ(−p)〉 = C˜σ(p2)2− d2 (41)
or, in coordinate space:
〈σ(x)σ(y)〉 = 2
d+2Γ
(
d−1
2
)
sin(pid2 )
pi
3
2 Γ
(
d
2 − 2
) 1|x− y|4 ≡ Cσ|x− y|4 . (42)
The large N perturbation theory can then be developed using the propaga-
tor (41)-(42) for σ, the canonical propagator for φ and the interaction term
σφiφi in (40). From (42) we see that σ, which plays the role of J0 = φ
iφi in
this description, behaves as a primary scalar operator of dimension ∆ = 2
(this value will of course be corrected at higher orders in the 1/N expan-
sion). This means that under the RG flow, the dimension of the scalar
operator J0 = φ
iφi has changed from ∆UV = d− 2 to ∆IR = 2 +O(1/N),
as shown in Figure 3.
RG
UV
IR
Free O(N) model
    D(J0) = d-2
Critical O(N) model
  D(J0) = 2+O(1/N)
Fig. 3. RG flow from free to critical O(N) model.
The quartic interaction in (33) may in fact be viewed as a particular ex-
ample of the double trace deformations studied in [66], where one considers
a CFT perturbed by the square of a single trace operator
SCFT → SCFT + λ
∫
ddxO2∆ . (43)
The interacting O(N) model falls into this class, since it is a perturbation of
the free CFT by the square of the J0 operator. For ∆ < d/2 the interaction
in (43) is relevant and there is a flow to a new CFT in the IR. One can
then show [66] that at large N the dimension of O∆ goes from ∆UV at the
UV fixed point to ∆IR = d−∆UV +O(1/N) at the IR fixed point.
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The observation that the interacting O(N) model (33) may be viewed as
a double-trace deformation of the free CFT allows to immediately deduce
its AdS dual interpretation. Indeed, the AdS dual of the general double-
trace flows of the type (43) is well-understood [67, 68]. In AdS/CFT, a
scalar operator O∆ of dimension ∆ is dual to a bulk scalar field ϕ(z, ~x)
with boundary behavior (in Poincare coordinates ds2 = (dz2 + d~x2)/z2)
ϕ(z, ~x)
z→0∼ z∆A(~x) (44)
and ∆ is related to the mass of the scalar field by the familiar relation (we
set the AdS scale to one):
∆(∆− d) = m2 → ∆± = d
2
±
√
(
d
2
)2 +m2 . (45)
If we insist on unitarity, usually ∆+ is the only possible solution (recall the
unitarity bound ∆ ≥ d/2− 1). However, for
− (d/2)2 < m2 < −(d/2)2 + 1 (46)
both ∆+ and ∆− = d −∆+ are above the unitarity bound, and one may
choose either one to specify the boundary condition (44) of the bulk scalar
field. Then, according to the dictionary developed in [67, 68], one choice
corresponds to the UV CFT, and the other to the IR CFT which sits at
the endpoint of the RG flow triggered by the double-trace interaction (43).
The inequality (46) is precisely satisfied in the Vasiliev theory in AdS4,
where the scalar mass is given by m2 = −2. Therefore, both roots ∆ = 1
and ∆ = 2 are above unitarity and we can choose either one to quantize
the bulk scalar field. The choice ∆ = 1 (in general, ∆ = d− 2) corresponds
to the free CFT at the boundary, while ∆ = 2 to the interacting one. In
other words, the critical O(N) model is dual to precisely the same Vasiliev
theory, but with a different choice of boundary condition on the bulk scalar
field.
But what about the higher spin currents? They are of course still present
in the spectrum, but since the CFT is now interacting, the s > 2 currents
should not be exactly conserved anymore. Indeed, one finds that the diver-
gence of the HS operators is now non-zero, except for s = 2, and at large
N takes the schematic form
∂ · Js = 1√
N
s−2∑
s′=2
s−s′−1∑
k=0
cs,s′k∂
s−s′−k−1Js′∂kσ ≡ 1√
N
Ks−1 (47)
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where the coefficients cs,s′k can be determined using the equation of motion
(see [69, 70] for the explicit result). Note that Ks−1 is a “double-trace” op-
erator of the model, dual to a two-particle state in the bulk. This equation
implies that the higher spin symmetry is only weakly broken at large N .
Indeed, using the fact that the 2-point function of a spin s primary oper-
ator of dimension ∆s = d − 2 + s + γs (recall that ∆s = d − 2 + s is the
dimension of a conserved current, so γs denotes the anomalous dimension)
is fixed by conformal invariance to be
〈Js(x1, 1)Js(x2, 2)〉 = Cs
(
1 · 2 − 2 1·x122·x12x212
)s
(x12)2∆s
, (48)
the non-conservation equation (47) implies 1N 〈Ks−1Ks−1〉 = 〈∂ ·Js∂ ·Js〉 ∝
γs, and so the anomalous dimension γs to order 1/N may be extracted
as [69–72]
γs =
αs
N
+O(1/N2) , αs ∼ 〈Ks−1Ks−1〉〈JsJs〉 . (49)
For instance, in d = 3, the explicit result takes the form [70, 73]
γs =
16(s− 2)
3pi2(2s− 1)
1
N
. (50)
To summarize, in the critical O(N) theory, the dimension of the HS
currents is only corrected starting at order 1/N
∆s = d− 2 + s+ αs
N
+ . . . (51)
which means that the dual HS fields remain massless at the classical level,
and receive masses through loop corrections [74].f The leading 1/N correc-
tion should arise from a one-loop diagram in the bulk as the one depicted
in Figure 4, where one of the loop lines involves the scalar field with ∆ = 2
boundary condition (the bulk-to-bulk propagator for the scalar field does
depend on the choice of ∆). It was shown in [75] that, assuming no anoma-
lous dimensions are generated by loops with the ∆ = 1 boundary condition,
then the correct anomalous dimensions in agreement with the critical O(N)
model would indeed be reproduced by the bulk loop diagrams, to all orders
in 1/N . However, it remains to be shown that with the choice of bound-
ary condition dual to free CFT the loop diagrams are indeed trivial (this
should follow from the exact HS symmetry, but showing it explicitly by a
bulk calculation is an open problem).
fThe mass of a spin s field is related to the dual dimension by (∆+s−2)(∆+2−d−2) =
m2, which implies m2 ∼ αs(2s+ d− 4)/N .
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Js Js
js js
Fig. 4. Witten diagram contributing to the one-loop correction to the HS current two-
point function. The loop involves all fields in the spectrum, in particular the scalar field
with ∆ = 2 boundary condition.
5. Fermionic CFT
So far we discussed the case of scalar CFT, but there is of course another free
CFT that we can write in any dimension, namely a free massless fermion.
More generally, let us take N free massless Dirac fermions
S =
∫
ddxψ¯iγ
µ∂µψ
i . (52)
This theory has a U(N) global symmetry under which ψi, i = 1, . . . , N
transforms in the fundamental representation. Depending on the dimension
d, we may also impose a Majorana condition to obtain a CFT with O(N)
symmetry. As in the case of the free scalar CFT, the model (52) admits an
infinit tower of exactly conserved currents of the form
Jµ1···µs = ψ¯iγµ1∂µ2 · · · ∂µsψi + . . . , s = 1, 2, 3, . . .
∂µJµµ2···µs = 0 , J
µ
µµ3···µs = 0
(53)
which are in the totally symmetric traceless representation of SO(d). Of
course, one also has conserved currents in non-trivial representations of
U(N), but above we just wrote the singlet ones since we will be interested
in projecting onto the singlet sector, as we have done in the scalar case.
Note that the conformal dimension of the operators (53) is ∆s = d− 2 + s,
as appropriate for a conserved current, since ∆ψ = (d− 1)/2.
The explicit form of the currents is most conveniently given using an
auxiliary null polarization vector, as described above in the scalar case.
Imposing conservation (or the condition that Js is a primary), one finds
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that the conserved currents are given by
Js(x, ) = 
µ1 · · · µsJµ1···µs =
s−1∑
k=0
cskψ¯i · γ( · ←−∂ )k( · −→∂ )s−1−kψi
csk =
(−1)k
k!(k + d−22 )!(s− k − 1 + d−22 )!(s− k − 1)!
.
(54)
The reader may check as an exercise that for s = 1 and s = 2 this reproduces
respectively the familiar U(1) current J1 ∼ ψ¯iγµψi and the stress tensor
Tµν =
1
2 ψ¯i
(
γµ
←→
∂ ν + γν
←→
∂ µ
)
ψi. For d = 3, similarly to (14), one may also
derive a simple generating function encoding all spins [27]
J (x, ) = ψ¯i · γf( · ←−∂ ,  · −→∂ )ψi
f(u, v) = eu−v
sin (2
√
uv)
2
√
uv
.
(55)
Let us now consider the truncation of the model to its U(N) singlet
sector. If we restrict to the d = 3 case, then it is not difficult to see that
the HS currents (53), together with the parity oddg scalar operator
J0 = ψ¯iψ
i (56)
of dimension ∆0 = 2 (∆0 = d − 1 in general d), exhaust the spectrum of
single trace operators
single trace (U(N) singlets): J0 +
∞∑
s=1
Js
(∆, S) =(d− 1, 0)− +
∞∑
s=1
(d− 2 + s, s) .
(57)
In d = 3, it is also possible to impose a Majorana condition, so that the
resulting theory has O(N) invariance, and the O(N) singlet sector involves
only the even spin operators. Note that for general d > 3, there would
be more operators in the single trace spectrum, because one can construct
fermion bilinears involving products of more than one γ matrix (we will
comment on this further in the next section).
The single trace spectrum (57) is very similar to the one in the free
scalar theory, with the exception that the scalar operator is parity odd and
has ∆ = 2. The AdS4 dual should then be a HS theory which includes a
pseudoscalar with m2 = −2, together with the tower of HS gauge fields of
gIn d = 3, we may define “parity” by the sign reversal on all coordinates, ~x→ −~x.
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all (even) spins. It is also easy to see that the interactions in this theory
must be different from the one in the dual to the free scalar, because the
correlation functions of HS currents are given by different tensor structures
in scalar and fermionic CFTs, as in the case of 〈TTT 〉, eq. (30).
So we learn that there should be two inequivalent HS theories in AdS4,
with almost identical spectrum (except for the parity of the bulk scalar), but
with different interactions. Indeed, as we will see later, there are precisely
two parity invariant HS theories in AdS4, which have the required spectrum
and interactions. They are usually referred to as “type A” and “type B”
theories, the former including a parity even scalar and the latter a parity
odd one. The conjecture that the type B theory should be dual to the
fermionic vector model was first made in [25, 26].
Note that in the type B theory, duality with the free fermion CFT
requires that the bulk scalar is assigned the ∆ = 2 boundary condition.
This corresponds to unbroken HS symmetry in this fermionic case. As in
the scalar case, we expect that the alternate boundary condition ∆ = 1
corresponds to an interacting CFT related to the free one by a double trace
deformation. This is just the familiar Gross-Neveu model
S =
∫
ddx
(
ψ¯iγ
µ∂µψ
i +
g
2
(ψ¯iψ
i)2
)
. (58)
The interaction is irrelevant, but working in the large N expansion one
can show, by methods similar to the ones described above for the critical
O(N) model, that there is a non-trivial UV fixed point where the scalar
operator (which may traded by a Hubbard-Stratonovich auxiliary field) has
dimension ∆UV = 1 + O(1/N). We may refer to this CFT as the critical
Gross-Neveu or critical fermion theory. The free CFT, with ∆IR = d − 1,
sits now at the IR fixed point of the RG flow, as shown in Figure 5. While
the large N expansion may be developed formally for any d, it is clear
that the UV fixed point is unitary only for d < 4, and in particular in the
physically interesting dimension d = 3. Note that the UV fixed point may
be also accessed perturbatively, at finite N , in the d = 2 +  expansion,
where it is well known that the Gross-Neveu model has a weakly coupled
UV fixed point. Let us also mention that the same critical fermion CFT
admits a “UV complete” description as the IR fixed point of the “Gross-
Neveu-Yukawa” model [63, 76, 77]
SGNY =
∫
ddx
(
ψ¯iγ
µ∂µψ
i +
1
2
(∂µσ)
2 + gσψ¯iψ
i +
λ
4
σ4
)
, (59)
which has perturbative IR fixed points in d = 4 −  that are expected
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RG
UV
IR
Critical GN model
 D(J0) = 1+O(1/N)
Free fermions 
  D(J0) = d-1
Fig. 5. RG flow from the UV fixed point of the Gross-Neveu model to free fermions.
to be equivalent to the UV fixed points of the Gross-Neveu model with
quartic interaction (this can be checked explicitly at large N by matching
critical exponents computed in the two approaches). Note that the relation
between the IR fixed points of the GNY model and the UV fixed points of
the Gross-Neveu model is analogous to the relation between the Wilson-
Fisher fixed points of the φ4 theory (33) and the UV fixed points of the
non-linear sigma model in d = 2 + .
The AdS dual of the largeN critical Gross-Neveu model may be deduced
analogously to the scalar case. It is the same type B theory dual to the
free fermion CFT, but with the ∆ = 1 boundary condition assigned to the
bulk pseudoscalar. In the interacting CFT, the HS currents are weakly
broken at large N and satisfy a non-conservation equation analogous to
(47), which implies anomalous dimensions starting at order 1/N . In the
bulk, one expects then the HS fields to acquire masses via loop corrections,
as in Figure 4, when the scalar has ∆ = 1 boundary condition (but not
when it has ∆ = 2 boundary condition).
6. Summary of parity invariant HS/CFT dualities
Let us summarize in Table 1 the AdS4/CFT3 Higher Spin/Vector Model
dualities [24–26] discussed so far.
Table 1. Summary of AdS4/CFT3 Higher Spin/Vector Model dualities [24–26]
Vasiliev HS4 type A Vasiliev HS4 type B
∆ = 1 scalar b.c. Free Scalar Critical Fermion (Gross-Neveu)
∆ = 2 scalar b.c. Critical Scalar (Wilson-Fisher) Free Fermion
In each of the cases shown in table, one may consider the O(N) or U(N)
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version of the vector models, which are respectively dual to the minimal
(even spins only) and non-minimal (all integer spins) higher spin theories.
An interesting feature of the non-minimal theories is that in addition to two
possible boundary conditions one can impose on the bulk scalar, there is
also a one-parameter family of conformally invariant boundary conditions
one can impose on the bulk spin-1 gauge field [78, 79]. With the ordinary
boundary condition (∆1 = 2) on a spin-1 gauge field in AdS4, the bulk
gauge field is dual to a conserved spin 1 current on the boundary, as we
have assumed above. On the other hand, one may impose the alternate
boundary condition (∆1 = 1), which corresponds on the CFT side to gaug-
ing the global U(1) flavor symmetry. More generally one can impose a
(parity breaking) mixed boundary condition, which corresponds to setting
a linear combination of the “electric” field Fzi (z being the Poincare´ radial
coordinate) and the “magnetic” field ijkFjk to vanish at the boundary.
With the mixed boundary condition, the dual CFT is obtained from the
original one by gauging the global U(1) flavor symmetry and turning on
Chern-Simons coupling at some level k. The case k =∞ corresponds to the
ordinary boundary condition, while the “purely electric” boundary condi-
tion corresponds to k = 0. In the latter case, while one gauges the boundary
flavor current, the kinetic term for the boundary gauge field is entirely gen-
erated from integrating out the matter fields at one-loop, corresponding
to the case of three-dimensional critical QED [80, 81]. So, to summarize,
the three-dimensional critical QED’s with N bosonic or fermionic flavors,
restricted to U(N) singlet sector, are holographically dual to type A or
type B non-minimal Vasiliev theory, with the alternate boundary condi-
tion imposed on the bulk spin-1 gauge field, and possibly including a U(1)
Chern-Simons term at level k. By further imposing the alternate boundary
conditions on the bulk scalar, one may also obtain the dual to the CPN−1
model, or the Gross-Neveu model coupled to a U(1) gauge field. Let us also
briefly mention that it is possible to impose alternate boundary conditions,
∆s = 2 − s, on the higher spin fields as well: this corresponds to gauging
the HS symmetry at the boundary, and the resulting theory is a conformal
higher spin theory [39, 82–84].
In the table we have focused on the AdS4/CFT3 case, which is the most
well-understood so far, but it is natural to ask about higher dimensional
generalizations of these dualities. In the free scalar case, as mentioned
earlier, the spectrum of single trace operators is given by (22) in any d, and
this matches the spectrum of the known Vasiliev theory in AdSd+1 [10],
which we may view as a generalization to all d of the type A HS4 theory. In
TASI Lectures on the Higher Spin - CFT duality 23
the free fermion case, on the other hand, for d > 3 the single trace spectrum
is more complicated than (57), as mixed symmetry representations of SO(d)
can appear [85–90]. For instance, for the free fermion in d = 4 restricted
to the U(N) singlet sector, in addition to (57), there is an extra scalar and
an extra tower of totally symmetric HS operators
J˜0 = ψ¯iγ5ψ
i , J˜µ1...µs = ψ¯iγ5γµ1∂µ2···µsψ
i + . . . , s = 1, 2, 3, . . . ,
(60)
and also a tower of operators in the mixed symmetry representation corre-
sponding to a two-row Young diagram with s boxes in the first row and 1
box in the second row
Bµ1...µs,µ = ψ¯iγµµ1∂µ2 · · · ∂µsψi + . . . , s ≥ 1 . (61)
The dual HS theory in AdS5, which should be viewed as a generalization
of the type B HS4 theory, should then involve two scalars, two towers of
totally symmetric HS fields, and one tower of mixed symmetry HS fields
dual to (61). While one can write free equations for these fields in AdS, the
full theory describing their interactions has not yet been constructed.
One may also ask if there is any interacting version of the duality in d >
3 that one can obtain by changing boundary conditions of the bulk fields.
In the scalar CFT case, where the bulk scalar field has m2 = −2(d−2), the
alternate boundary condition ∆ = 2 is actually above unitarity for d < 6.
This suggests the possibility of a unitary interacting vector model in d = 5,
dual to Vasiliev “type A” theory in AdS6 with alternate ∆ = 2 boundary
condition on the bulk scalar [20, 91, 92]. On the CFT side, since the quartic
interaction is irrelevant for d > 4, this interacting CFT should be viewed
as a UV fixed point of (33), whose existence can be seen formally in the
large N expansion [93, 94]. In [94], it was shown that the following model
with N + 1 scalars and O(N) invariant cubic interactions
S =
∫
ddx
(1
2
(
∂µφ
i
)2
+
1
2
(∂µσ)
2 +
g1
2
σφiφi +
g2
6
σ3
)
, (62)
posseses IR stable, perturbatively unitary fixed points in d = 6 −  which
provide a “UV completion” of the large N UV fixed points of the O(N)
model in d > 4. This proposal has passed various non-trivial checks [94–96].
These perturbative fixed points exist for N > 1038(1 + O()), and are ex-
pected to be unitary to all orders in  and 1/N expansions. However,
non-perturbative effects presumably render the vacuum metastable via in-
stanton effects. Understanding the counterpart of this instability from the
point of view of the dual HS theory in AdS6 with ∆ = 2 boundary condition
is an interesting open problem.
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7. Chern-Simons vector models
One important feature of the HS/vector model dualities discussed so far is
that they involve a projection to the U(N)/O(N) singlet sector of the CFT.
This is essential for the matching of bulk and boundary spectra to work.
Without this projection, we would have many more primaries in the CFT
(for instance, φi itself) that do not have a counterpart in the Vasiliev HS
theory. As mentioned earlier, a natural way to impose the singlet constraint
is to weakly gauge the U(N)/O(N) symmetry, and then consider the zero
gauge coupling limit. This decouples the gauge field, but we still retain the
constraint that only gauge invariant operators are physical.
In d = 3, there is a nice way to gauge the symmetry without breaking
conformal invariance: we can couple the vector model to a U(N)/O(N)
Chern-Simons gauge field [27, 28]. For instance, in the case of the fermionic
U(N) vector model, we consider the gauge theory
S =
k
4pi
∫
d3xTr
(
AdA+
2
3
A3
)
+
∫
d3xψ¯γµDµψ (63)
where ψ is in the fundamental representation of the U(N) gauge group
(similarly, one can consider the O(N) version). The singlet sector of the
free vector model can be recovered by sending k →∞, which decouples the
gauge field. Since we are interested in the large N limit, we can take the ‘t
Hooft limit
N, k →∞ , λ ≡ N
k
fixed . (64)
The singlet sector of the large N vector model is then obtained by sending
the ‘t Hooft coupling λ to zero. Similarly, one may couple the scalar vector
model to a U(N)/O(N) Chern-Simons gauge field
S =
k
4pi
∫
d3xTr
(
AdA+
2
3
A3
)
+
∫
d3xDµφ
∗Dµφ . (65)
This construction naturally suggests that it should be interesting to
study the more general theories with λ 6= 0. As we will see below, it
turns out that even when the gauge coupling λ is turned on, these models
possess approximate HS symmetry at large N and should be dual to (parity
breaking) HS theories in AdS4, leading to a wide generalization of the
conjectures of [24–26].
As mentioned above, a nice feature of these models is that coupling the
vector models to the Chern-Simons theory does not break conformal invari-
ance. Essentially, the reason is that the Chern-Simons level k is quantized,
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and it cannot run in perturbation theory (except for a possible integer shift
at one loop). This is all we need to prove that the fermionic model (63)
defines a CFT for any λ, because there are no relevant interactions that
can be generated, except for the fermion mass term that we can always
tune to zero. In the scalar version of the model, one has to be more careful
since there is a classically marginal coupling λ6N2 (φ
∗φ)3 that can be gener-
ated. However, one can show that in the large N limit, with λ, λ6 fixed,
βλ6 = 0 [28]. Hence, in the N → ∞ limit, the CS-scalar model defines a
CFT with two marginal parameters, λ and λ6. Away from infinite N , one
finds a non-zero beta function βλ6(λ, λ6), and one can show that there are
zeroes λ∗6(λ), at least for sufficiently large N [28].
As in the ungauged case, we can deform the CFTs defined by (63) and
(65) by adding double trace interactions g4(ψ¯ψ)
2 and λ4(φ
∗φ)2. This al-
lows to obtain one-parameter generalizations of the critical scalar (Wilson-
Fisher) and critical fermion (Gross-Neveu) which include the Chern-Simons
coupling. A schematic depiction of the RG flows is given in Figure 6.
Note that in the critical fermion case, at infinite N , we have an additional
marginal deformation g6(ψ¯ψ)
3 (since ∆ψ¯ψ = 1 +O(1/N) in the UV), anal-
ogous to the (φ∗φ)3 term in the CS-scalar model. On the other hand,
in the CS-critical-scalar, the (φ∗φ)3 interaction becomes irrelevant (since
∆φ2 = 2 +O(1/N) in the IR).
RG
  f4
UV
IR
CS(N,l) + scalar  
    
CS(N,l) + crit. scalar 
  
RG
 y4
UV CS(N,l) + crit. fermion
IR
CS(N,l) + fermion
Fig. 6. RG flows between large N Chern-Simons vector model CFTs. Each fixed point
is labelled by N and the Chern-Simons coupling λ. At infinite N , the CS-scalar and
CS-critical-fermion CFTs admit an additional marginal deformation corresponding to
sextic couplings.
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All these CFTs should have corresponding AdS4 duals. Since we know
that for λ = 0 the vector models are dual to type A/type B Vasiliev theory
in AdS4, the duals must be deformations of these HS theories parameterized
by λ (in particular, the bulk theory should be parity breaking since the CS
term breaks parity on the CFT side). A crucial observation is that, even
when λ is turned on, the HS symmetry is still only weakly broken at large
N , for any λ. Let us sketch the argument to see this, focusing on the
fermionic case for concreteness (the scalar case goes through in a similar
way) [27, 28]. Recall that in the free theory (λ = 0), the spectrum of single
trace operators is given by
J0 = ψ¯ψ , Js ∼ ψ¯γ∂s−1ψ
(∆, S) = (2, 0)− +
∞∑
s=1
(s+ 1, s) .
(66)
When we turn on the gauge coupling, we still have this set of primary op-
erators, provided we make them gauge invariant by replacing derivatives
with covariant ones. The crucial point is now that there are no additional
single trace operators beside these. This is essentially because the CS the-
ory is topological, and it does not provide any additional local operators.
Operators that involve powers of the field strength inserted between two
fermions, which naively look like single trace, in fact behave as multi-trace,
due to the equation of motion
(Fµν)
i
j =
1
k
ψ¯jγ
ρψiµνρ , (67)
which essentially “breaks” the would-be single trace operator into a multi-
trace one. Now, when interactions are turned on, we expect the HS currents
to be not conserved and satisfy an equation of the form
∂ · Js = Ks−1 (68)
where the operator on the right-hand side has spin s − 1 and, in the limit
where the currents is conserved, it should be a conformal primary of di-
mension ∆ = s + 2 in order to match the dimension of the operator on
the left-hand side. But as we argued above, (66) (suitably covariantized)
are all the single-trace operators in the model, and among them there is
no operator with the quantum numbers (s + 2, s − 1)! It follows that the
operator appearing on the right-hand side of the non-conservation equation
must be a multi-trace one, similarly to (47). Schematically, the structure
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of the non-conservation relation takes the following form
∂ ·Js = f(λ)√
N
∑
s1+s2<s
∂nJs1∂
mJs2 +
g(λ)
N
∑
s1+s2+s3<s
∂nJs1∂
mJs2∂
pJs3 (69)
where the currents are assumed to be normalized so that 〈JsJs〉 ∼ O(1) at
large N . Note that the operator on the right-hand side is at most triple
trace. This is because at infinite N the current Js has twist ∆− s = 1 and
its divergence twist 3, and so can only be expressed in terms of a sum of
products of two or three currents, but no more than three.
Eq. (69) imply that the HS currents are not broken at infinite N , for
any λ, and the anomalous dimensions are only generated starting at order
1/N
∆s = s+ 1 +
γs(λ)
N
+ . . . (70)
It follows that the dual theory should still be a higher spin gravity theory
involving classically massless HS fields, with the HS symmetry broken by
quantum effects. The same conclusion holds for the CS coupled to scalar
(65). Thus, we are led to the following generalization of the Klebanov-
Polyakov conjecture [27, 28]
Chern-Simons vector model ⇔ Parity breaking HS4 gravity (71)
where the HS theory on the right-hand side should be a parity breaking
generalization of the type A/type B models. We will see that the Vasiliev
construction of the HS equations of motion in AdS4 indeed includes a family
of parity breaking theories that are natural candidates to be dual to the CS
vector model CFTs. Note that the arguments above do not directly show
that the dimension of the scalar operator J0 is not renormalized at planar
level, but one can argue [27, 28] that this is the case as well, essentially
because the scalar operator has to appear on the right-hand side of the
non-conservation equation (69). Therefore, one has ∆J0 = 2 + O(1/N) in
the CS-fermion theory, and ∆J0 = 1 +O(1/N) in the CS-scalar theory, for
any λ. The dual bulk scalar has therefore m2 = −2 classically, like in the
type A/type B models. Let us mention that, while the duality (71) makes
sense and is consistent at the level of gauge invariant local operators and
their correlation functions on the plane, which is our main focus here, on
manifolds with non-trivial topology [97] it presumably requires extending
the HS theory by some sort of topological sector to account for the non-
trivial CS dynamics.
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Interestingly, the weakly broken HS symmetries can be used to derive
non-trivial constraints on the correlation functions of the Chern-Simons
vector models at large N [29]. Using the structure of the non-conservation
relation (69), Maldacena and Zhiboedov showed that 3-point functions of
the HS currents in the planar limit are constrained to be, in the fermionic
case
〈Js1Js2Js3〉 =
1√
N˜
[
1
1 + λ˜2
〈Js1Js2Js3〉free fer +
λ˜2
1 + λ˜2
〈Js1Js2Js3〉free sc
+
λ˜
1 + λ˜2
〈Js1Js2Js3〉odd
]
(72)
where N˜ = Nc(λ) is related to the normalization of the stress-tensor 2-
point function, and λ˜ = α1λ + α3λ
3 + . . . is a function of coupling which
is essentially related to f(λ) in (69), up to normalization. The symmetry
argument does not allow to fix N˜ and λ˜ in terms of λ, but one can fix them
by an explicit calculation [30, 98], see eq. (73) below. In the CS-scalar case,
one finds the same expression, with the role of fermion and scalar tensor
structures exchanged (and in principle different functions N˜(λ), λ˜(λ), which
are not fixed by HS symmetry considerations).
Note that from (72) we see that as we dial λ˜ from zero to infinity, we
interpolate between free fermion correlators at λ˜ = 0, and critical scalar
correlators at λ˜ =∞. The reason we get the critical and not free scalar at
λ˜ = ∞ is that the dimension of the scalar operator J0 is ∆ = 2 + O(1/N)
for all λ. Similarly, if we start from the CS-scalar theory and dial λ˜ to
infinity, we end up with the correlators of the critical fermion (the UV
fixed point of the flow on the left hand side of Figure 6). At generic values
of λ˜, we map fermion to boson correlators, and vice-versa, by λ˜F =
1
λ˜B
,
where the subscripts ‘F ’ and ‘B’ stand for fermion and boson respectively.
This suggests a strong/weak “3d bosonization” duality [27–30] between
fermionic and scalar Chern-Simons vector models, as schematically shown
in the diagram in Figure 7.
While the relation between N˜ , λ˜ and the CS coupling is not fixed by the
weakly broken HS symmetry arguments, remarkably all-orders calculations
in the planar limit are possible in these models. An explicit calculation of
2-point and 3-point functions yields the results [30, 98]
N˜ = 2N
sin(piλ)
piλ
, λ˜ = tan(
piλ
2
) , (73)
both in the fermionic and scalar theories, in terms of the corresponding ’t
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    y4
Critical Fermion Free Scalar
Free Fermion Critical Scalar
lB
~
lF
~
lB = 1/lF
~ ~
lF
~
lF=0
~  lF=
~
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~ ~lB
~
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~
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~
Fig. 7. Schematic depiction of the “3d bosonization” duality involving large N scalar
and fermion vector models coupled to U(N) Chern-Simons theory. The vertical RG flow
lines are present for all values of λ˜B,F .
Hooft couplings. The mapping λ˜F = 1/λ˜B then translates to λF = 1− λB
or more precisely, taking into account a sign flip of the CS level (see e.g. [98]
for a discussion of this)
|λF | = 1− |λB | , NF|λF | =
NB
|λB | , sign(λF ) = −sign(λB) . (74)
In terms of N and k, defined in the conventions where λ = N/(N + k), we
see that this relation acts as a generalization of the level-rank duality of
pure CS theory [99–101]. To be a bit more precise, one should note that in
the fermionic theory the CS level should be half-integer, due to the parity
anomaly [102–104]. Taking this fact into account, it was argued in [30] that
the precise form of the duality should be h
U(N)k−1/2 Fermion ⇔ U(k)−N Critical Scalar (75)
and similarly for the duality between CS-critical-fermion and CS-scalar (in
this case, one may also derive [98] the mapping between the additional
marginal couplings g6(ψ¯ψ)
3 and λ6(φ
∗φ)3). In addition to 2-point and 3-
point functions, further tests of the duality (75) have been obtained by
calculating the thermal free energy of the models on the plane. In the ’t
hGeneralizations of this duality map involving the SU(N) gauge group were also recently
discussed in [105], where the mapping of baryon and monopole operators was studied,
see also [106].
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Hooft limit, the free energy takes the form
F = − logZS1β×R2 = NV2T
2fth(λ) (76)
where S1β is the thermal circle (β = 1/T ) and V2 is the (infinite) volume of
the plane; fth(λ) is a non-trivial function of λ that can be computed exactly
in these models using an Euclidean version of light-cone gauge [27, 107].
Provided the contribution of the holonomy of the gauge field is properly
taken into account [108], the result for (76) in the boson and fermion the-
ories can be shown to be precisely consistent with (75). The duality has
been also generalized to theories involving bosons and fermions on the same
side [79, 109], which include as a special case supersymmetric theories,
for which dualities closely related to (75) are well-established [110, 111].
In fact, it was argued in [112] that at large N one may derive the non-
supersymmetric dualities from the supersymmetric ones by RG flow, and
show that all planar correlators map correctly under the duality relation.
For additional work and tests of the duality, see for instance [113–116].
Note that the level-rank duality of Chern-Simons theory, as well as the
closely related supersymmetric dualities [110, 111], are valid at finite N
and k. It is therefore plausible that the non-supersymmetric duality (75)
also holds away from the large N ’t Hooft limit. For small N and k, this
duality may have interesting applications in condensed matter physics, see
e.g. [117–119] for recent closely related work.
8. Fronsdal equations for free HS fields
We now leave the CFT side and review some basic aspects of the theory
of massless HS fields. We start with the Frosdal equations describing the
propagation of free HS gauge fields [120, 121]. We will focus on integer
spins for simplicity, but the equations are also known for half-integer spins
[122, 123].
8.1. Flat spacetime
Let us start with the case of flat D-dimensional spacetime, and recall the
familiar examples of the free equation of motion for spin 1 (Maxwell theory)
and spin 2 (linearized gravity). In the s = 1 case, we have the vector field
Aµ subject to the gauge symmetry
δAµ = ∂µ , (77)
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and the gauge invariant equation of motion is
∂µF
µν = 0 , Fµν = ∂µAν − ∂νAµ , (78)
or
2Aµ − ∂µ∂νAν = 0 . (79)
Of course, the equations of motion follow from the Maxwell lagrangian
S =
∫
ddx 14FµνF
µν .
In the s = 2 case, we start with the Einstein equations (with zero
cosmological constant)
Rµν − 1
2
gµνR = 0 , (80)
and writing gµν = ηµν +hµν , we can derive the linearized equations for the
fluctuation hµν :
2hµν − ∂µ∂ρhρν − ∂ν∂ρhρµ + ∂µ∂νhρρ = 0 . (81)
It is not difficult to verify that this equation is invariant under the linearized
gauge transformation
δhµν = ∂µν + ∂νµ , (82)
which follows from the diffeomorphism invariance of Einstein equation.
We want to generalize this to massless HS fields, which we take to
be totally symmetric fields ϕµ1µ2···µs . Historically, Fronsdal obtained the
gauge invariant HS equations by taking the massless limit of the Singh-
Hagen equations [124] for massive fields. We will not go into the details of
how the equations were obtained, and just present the final result, which
is relatively simple. First of all, Fronsdal’s formulation requires that the
totally symmetric HS field is constrained to be double-traceless
ϕµ νµ νµ5···µs = 0 . (83)
Note that this should be regarded as an “off-shell” constraint on the field.
The gauge invariance takes the form i
δϕµ1···µs = ∂(µ1µ2···µs) , (84)
with the constraint that the spin-(s− 1) gauge parameter is traceless
µµµ3···µs−1 = 0 . (85)
iWe use round brackets to denote symmetrization of indices with “strength one”, i.e.
A(µBν) =
1
2
(AµBν +AνBµ).
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Note that the double-traceless constraint (83) is gauge invariant (it is impor-
tant that the gauge parameter is traceless for this to be true). Generalizing
the s = 1 and s = 2 cases given above, the gauge invariant free equation of
motion for any spin is found to be
Fµ1···µs ≡ 2ϕµ1···µs − s∂(µ1∂µϕµ2···µs)µ +
s(s− 1)
2
∂(µ1∂µ2ϕ
µ
µ3···µs)µ = 0 .
(86)
The reader may check as an exercise that the gauge variation of these
equations is given by
δFµ1···µs ∝ ∂(µ1∂µ2∂µ3 µµ4···µs)µ (87)
and hence the equations are gauge invariant as desired when the gauge
parameter is constrained to be traceless. One can also write down a La-
grangian that yields these equations of motion
S =
∫
dDx
(
ϕµ1···µsFµ1···µs −
1
4
s(s− 1)ϕ µµ3···µsµ Fν νµ3···µs
)
, (88)
which is gauge invariant provided the HS field is double-traceless.
To extract the physical content of the Fronsdal equations, we need to
gauge fix. It is convenient to choose the on-shell gauge where ϕµ1···µs is
transverse and traceless.j Then, (86) reduces to the Fierz-Pauli equations
2ϕµ1···µs = 0 ,
∂µϕµµ2···µs = 0 ,
ϕµ µµ3···µs = 0 .
(89)
Note that the transverse-traceless condition does not completely fix the
gauge. There are residual gauge transformations by the gauge parameters
satisfying similar Fierz-Pauli equations
2µ1···µs−1 = 0 ,
∂µµµ2···µs−1 = 0 ,
µ µµ3···µs−1 = 0 .
(90)
The equations (89) describe the propagation of a number of polarizations
gs equal to the dimension of the totally symmetric spin s representation of
jOne way to reach this gauge is to start by fixing the de Donder gauge condition
∂µϕµµ2···µs − s−12 ∂(µ2ϕ
µ
µ3···µs)µ = 0. Note that this leaves residual gauge transforma-
tions by a gauge parameter satisfying 2µ1···µs−1 = 0. One can then use this residual
gauge freedom to fix ϕµµµ2···µs = 0 on-shell, and hence ∂
µϕµµ2···µs = 0.
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the massive little group SO(D − 1)
gs =
(2s+D − 3)(s+D − 4)!
(D − 3)!s! . (91)
Subtracting the number of degrees of freedom gs−1 corresponding to the
residual gauge transformations, the number of physical degrees of freedom
is given by
#d.o.f. = gs − gs−1 = (2s+D − 4)(s+D − 5)!
(D − 4)!s! (92)
which is indeed the correct number of physical polarization for a massless
HS field (it corresponds to the dimension of the totally symmetric spin s
representation of SO(D− 2)). Note that for D = 4, (92) gives two degrees
of freedom for any spin, corresponding to the two helicities ±s, as expected.
8.2. (A)dS
How do we generalize the Fronsdal equations (86), or equivalently the ac-
tion (88), to curved spacetime? Naively, one may think we should just
covariantize (86) by replacing all derivatives by covariant derivatives, and
assume that all tensor contractions are taken with the metric of the curved
space. This amounts to minimally couple the HS fields to gravity. How-
ever, one finds that this procedure does not work for a general background.
Essentially, due to the fact covariant derivatives do not commute, one finds
that for s ≥ 3 (s ≥ 5/2 in the half-integer case) the gauge variation of (86)
involves the full Riemann tensor [125], which is unconstrained for general
background. The lack of gauge invariance then implies that the mimally
coupled HS massless fields do not propagate consistently in an arbitrary
curved spacetime.
A solution to the problem [121] can be obtained for very special back-
grounds, namely the maximally symmetric ones. In this case, the Riemann
tensor takes the simple form
Rµνρσ = − 1
`2
(gµρgνσ − gµσgνρ) , (93)
where `2 = `2AdS for AdS, `
2 = −`2dS for dS. In this case, the offending
terms in the gauge variation greatly simplify, and it is possible to find
a suitable compensating term to be added to the naively covariantized
Fronsdal operator (86). The result is that the gauge invariant equation
34 Simone Giombi
of motion in (A)dS is given by
∇2ϕµ1···µs − s∇(µ1∇µϕµ2···µs)µ +
s(s− 1)
2
∇(µ1∇µ2ϕ µµ3···µs)µ
− 1
`2
[
((s− 2)(s+D − 3)− s)ϕµ1···µs +
s(s− 1)
4
g(µ1µ2ϕ
µ
µ3···µs)µ
]
= 0 ,
(94)
where the first line is just the covariantized version of (86), and the sec-
ond line is the compensating term needed for gauge invariance. Owing to
this extra term, the equation of motion (94) is invariant under the gauge
transformation
δϕµ1···µs = ∇(µ1µ2···µs) , (95)
and describes the consistent propagation of massless fields of all integer
spins in (A)dS. Note that, while the compensating term looks like a “mass
term”, it is in fact just the required coupling to the (constant) curvature
that ensures gauge invariance, as appropriate for a massless field. To check
(94) in a familiar example, we can consider Maxwell equations in curved
space. For general background, they are
∇µFµν = 0 = ∇2Aν −∇µ∇νAµ . (96)
To compare with the form in (94), we have to commute the covariant deriva-
tives
0 = ∇2Aν −∇µ∇νAµ = ∇2Aν −∇ν∇µAµ −RνµAµ (97)
where we used [∇µ,∇ν ]Aµ = RνµAµ. Recalling that in (A)dS we have
Rµν = −D−1`2 gµν , (97) indeed reproduces (94).
As in flat space, one can gauge-fix by imposing a transverse traceless
gauge. The equation of motion then reduces to the curved space version of
the Fierz-Pauli equations(
∇2 − (s− 2)(s+D − 3)− s
`2
)
ϕµ1···µs = 0 ,
∇µϕµµ2···µs = 0 , ϕµ µµ3···µs = 0 ,
(98)
and there are residual gauge transformations with the gauge parameter
satisfying (see, for instance, [60])(
∇2 − (s− 1)(s+D − 3)
`2
)
µ1···µs−1 = 0 ,
∇µµµ2···µs−1 = 0 , µ µµ3···µs−1 = 0 .
(99)
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The “mass-like” term in (98) is precisely consistent with the duality
with a conserved spin s current at the boundary of AdSD. Working in
Poincare coordinates ds2 =
`2AdS
z2
(
dz2 +
∑d
i=1 dx
idxi
)
, with D = d + 1 ,
one can show that a symmetric traceless transverse tensor obeying the wave
equation (∇2 − κ2)ϕµ1···µs = 0 has the boundary behavior [38, 60]
ϕi1···is(z, ~x) ∼ z∆−sαi1···is(~x) (100)
with
∆(∆− d)− s = κ2`2AdS (101)
Setting κ2 = (s−2)(s+D−3)−s
`2AdS
as given in (98), this yields ∆ = d − 2 + s,
which is the dimension of a conserved current in the CFTd (the other root
∆ = 2− s corresponds to gauging the HS symmetry at the boundary [39]).
9. Frame-like formulation of HS fields
The Fronsdal approach to HS fields is often referred to as the “metric-like”
formulation, because the totally symmetric tensor ϕµ1···µs generalizes the
metric. A fully non-linear theory of interacting HS fields in this approach is
not yet known at present (but see for instance [17, 18, 126] for some recent
interesting progress in fixing 3-point and (partially) 4-point interactions).
Vasiliev non-linear HS theory is instead based on the so-called “frame-
like” formulation, which essentially generalizes the vielbein approach to
gravity and naturally makes use of the language of differential forms. In
the case of gravity, it is well known that we can introduce the vielbein
eaµ (102)
where we use greek symbols to denote “curved indices”, and latin ones for
“flat indices”. The vielbein is related to the metric by
gµν = ηabe
a
µe
b
ν . (103)
It is clear from this expression that we are allowed to make local Lorentz
transformations on the vielbein, δea = abe
b, without changing the metric.
Indeed, while the vielbein has D2 components, the metric only has D(D+
1)/2. The remaining D(D − 1)/2 components are accounted for by the
freedom of local Lorentz rotations, which act as gauge symmetries. The
corresponding gauge field is the spin connection ωabµ .
It is natural to view eaµ and ω
ab
µ as the components of one-forms
ea = eaµdx
µ , ωab = ωabµ dx
µ . (104)
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In terms of these differential forms, we can write the so-called Cartan struc-
ture equations
dea + ωab ∧ eb = T a
dωab + ωac ∧ ωcb = Rab .
(105)
Here T a is the torsion two-form, and Rab = 12R
ab
µνdx
µ∧dxν is the Riemann
tensor two-form. When the constraint T a = 0 is imposed, one can solve for
the spin connection in terms of the vielbein, and the curvature two-form
Rab then coincides with the usual Riemann tensor
Rµνρσ = R
ab
µνeρaeσb . (106)
It is natural to combine ea and ωab into a single one-form and ask
whether we can view it as a gauge field of some Lie algebra. We have
D2 + D(D − 1)/2 = D(D + 1)/2 one-forms, so we need a Lie algebra
with this dimension. We know that ωab must be the gauge field of local
Lorentz transformations, so the algebra must contain the Lorentz genera-
tors Mab satisfying the usual commutation relations. We also know that
ea transforms as a vector under Lorentz rotations, and so the correspond-
ing generator, call it Pa, must also transform as a vector, which fixes its
commutator with Mab. To get a closed algebra, the only possibility is then
[Pa, Pb] ∝ Mab. By suitably rescaling Pa, we can put the algebra in the
form
[Mab,Mcd] = i (ηbcMad ± 3 terms)
[Mab, Pc] = i (ηbcPa − ηacPb)
[Pa, Pb] =
i
`2
Mab .
(107)
For ` → ∞, this is the Poincare algebra ISO(D − 1, 1); for `2 = −`2dS it
is the de Sitter algera SO(D,1); and for `2 = +`2AdS, it is the AdS algebra
SO(D − 1, 2) (isomorphic to the conformal algebra in d = D − 1). The
generators Pa correspond to local translations. We can now build the one-
form
W = −i
(
eaPa +
1
2
ωabMab
)
(108)
and view it as a gauge field of one of the three algebras above. This con-
struction is familiar in the D = 3 case, where one can show [127] that
Einstein gravity with zero, positive or negative cosmological constant is
(classically) equivalent to Chern-Simons gauge theory with gauge group re-
spectively ISO(2, 1), SO(3, 1) or SO(2, 2). In the higher dimensional case,
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things do not work as nicely, but it is still useful to consider the object (108)
to understand the structure of curvatures, gauge transformations etc., and
in particular because it leads to a natural generalization to the HS case.
The curvature of (108) is
dW +W ∧W =− i ((dea + ωab ∧ eb)Pa
+
1
2
(
dωab + ωac ∧ ωcb +
1
`2
ea ∧ eb
)
Mab
)
=− i
(
T aPa +
1
2
(
Rab +
1
`2
ea ∧ eb
)
Mab
)
.
(109)
Note that the condition that W is a flat connection gives
dW +W ∧W = 0 ⇔ T a = 0
Rab = − 1
`2
ea ∧ eb .
(110)
The first condition is the zero torsion constraint, and the second equation
is equivalent to
Rµνρσ = − 1
`2
(gµρgνσ − gµσgνρ) . (111)
Hence, a flat connection corresponds to a maximally symmetric back-
ground.
The gauge transformations on W are dictated by the usual gauge theory
rules, and read
δW = d+ [W, ]
 = −i
(
aPa +
1
2
abMab
)
,
(112)
where a and ab are the gauge parameters for local translations and local
Lorentz respectively. After solving for ω = ω(e) and translating to the
metric formalism, these reduce to the diffeomorphisms δgµν = ∇(µν). Let
us note that in the AdS case it is also natural to use manifestly covariant
SO(D − 1, 2) (or SO(D, 1) in the dS case) notation by combining Pa,Mab
into theD(D+1)/2 generators TAB , A,B = 0, . . . , D, andW = −iωABTAB .
We now want to generalize the “frame-like” approach to the HS case
[128]. It is first useful to recall the linearized relation between vielbein and
metric fluctuations. Writing
gµν = g
(0)
µν + ϕµν
eaµ = e
a
(0)µ + eˆ
a
µ ,
(113)
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the relation ηabe
a
µe
b
ν = gµν yields, to linear order in the fluctuation
ϕµν = eˆµ,ν + eˆν,µ ,
eˆµ,ν ≡ eˆaµeb(0) νηab .
(114)
Therefore we see that the totally symmetric Fronsdal field ϕµν is equal to
the symmetric part of the vielbein fluctuation (of course, this is as expected:
the antisymmetric part of the vielbein fluctuation can be gauged away by
the local Lorentz symmetry). The generalization to HS is natural. The
analog of the vielbein is given by the one-form
ea1···as−1 = ea1···as−1µ dx
µ (115)
which is totally symmetric and traceless in the fiber indices
ηabe
aba3···as−1 = 0 . (116)
The Fronsdal field is then identified with the “symmetric part” of the HS
vielbein
ϕµ1···µs = e(µ1,µ2···µs) (117)
where it is understood that the fiber indices are lowered with the back-
ground vielbein ea(0)µ. Note that, as a consequence of (116), the totally
symmetric field (117) is automatically double traceless, as required in Fros-
dal approach. Clearly the frame-like HS field (115) has more components
than the Fronsdal field. In terms of representations of SO(D), the tensor
e
a1···as−1
µ decomposes according to the tensor productk
[1, 0, . . .]⊗ [s− 1, 0, . . .] = [s, 0, . . .] + [s− 2, 0, . . .] + [s− 1, 1, 0, . . .] . (118)
The first two representations on the right-hand side make up a totally sym-
metric, double-traceless field. The third, hook-type, representation corre-
sponds to gauge redundancies analog to local Lorentz in the s = 2 case,
and so one needs a corresponding gauge field ω
a1···as−1,b
µ which generalizes
the spin connection. A novel feature compared to the s = 2 case is that the
analog of the torsion constraint does not determine ω
a1···as−1,b
µ uniquely, it
has its own gauge redundancy which requires a new HS spin connection
ω
a1···as−1,bc
µ , and so on. The final result is that the frame-like formula-
tion of HS fields requires the vielbein-like field (115) plus a tower of spin
connection-like fields [128]
ea1...asµ
ωa1...as,b1...btµ , t = 1, 2, . . . , s− 1
(119)
kWe use the notation [n1, n2, . . .] to denote a Young tableaux with n1 boxes in the first
row, n2 in the second, etc., and n
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and there is a corresponding tower of torsion-like constraints that allow to
solve for the HS “spin connections” in terms of the HS vielbein
Ra1···as−1 = 0
Ra1···as−1,b = 0
...
Ra1···as−1,b1···bs−1 = e(0)c ∧ e(0)dCa1···as−1c,b1···bs−1d
(120)
where Ra1···as−1,b1···bt , t = 0, . . . , s−1 are curvature two-forms that general-
ize (105), and in the last line the 0-form Ca1···as−1c,b1···bs−1d is the HS gener-
alization of the Weyl tensor: it transforms in the representation [s, s, 0, . . .]
and is built out of s-derivatives of the Fronsdal field. With some work (see
for instance [129], to which we refer the reader for a more detailed review of
the above construction), one can show that these equations are equivalent
to the Fronsdal equations (94) in terms of the symmetric field (117).
Recall that in the s = 2 case one can combine ea, ωab into a single gauge
field ωAB , A,B = 0, . . . , D in the adjoint of SO(D − 1, 2) (from now on
we focus on the AdS case). It is a group theory exercise to show that one
may analogously combine the tower of fields (119) into a single irreducible
representation of SO(D − 1, 2){
ea1···as−1 , ωa1···as−1,b1···bt |t=1,...s−1
}→ ωA1···As−1,B1···Bs−1 , (121)
which is in the representation [s − 1, s − 1, 0, . . .] of the AdS algebra, or
equivalently of the conformal algebra. Each gauge field is then associated
to a generator TA1···As−1,B1···Bs−1 in the same representation. Recall from
Section 2 that this is precisely the representation appearing in the discussion
of the HS algebra on the CFT side, where we reviewed the construction
of the HS algebra generators in terms of conformal Killing tensors. The
TA1···As−1,B1···Bs−1 appearing here are the generators of precisely the same
HS algebra, which becomes a gauge algebra from AdS point of view. It is
then natural to combine all HS fields into a single one-form
W = −i
∑
s
ωA1···As−1,B1···Bs−1 TA1···As−1,B1···Bs−1 . (122)
Expanding around the AdS background to linear order in the fluctuations
ω1:
W = −i
(
ωAB0 TAB +
∑
s
ω
A1···As−1,B1···Bs−1
1 TA1···As−1,B1···Bs−1
)
, (123)
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and the linearized curvatures appearing in (120) may be obtained according
to the usual gauge theory rules
R1 = (dW +W ∧W )linearized = dω1 + [ω0, ω1] , (124)
where the commutators [T(2), T(s)] needed in this expression are simply
fixed by the SO(D−1, 2) algebra; the linearized gauge transformations are
similarly given by
δω1 = d+ [ω0, ] (125)
where ω0 = ω
AB
0 TAB , ω1 =
∑
s ω
A1···As−1,B1···Bs−1
1 TA1···As−1,B1···Bs−1 , and
the gauge parameter is  =
∑
s 
A1···As−1,B1···Bs−1TA1···As−1,B1···Bs−1 . Note
that at linearized level the gauge transformations do not mix fields of dif-
ferent spins.
10. Vasiliev equations in AdS4
The frame-like approach described above at linearized level is a natural
starting point for the non-linear generalization (for comprehensive reviews
on Vasiliev HS gauge theory see e.g. [7, 8, 129–131]). One combines all HS
gauge fields in the one-form W = −iω(s)T(s), where T(s) are the generators
of the HS algebra, and the non-linear gauge symmetry is given by
δW = d+ [W, ] . (126)
The goal is to write down fully non-linear equations invariant under this
gauge symmetry and reproducing at linearized level the free HS equations
described in the previous sections. The first step in Vasiliev approach is to
find a convenient realization of the HS algebra generators T(s). This is done
by introducing an auxiliary internal space endowed with a non-commutative
star product. While the construction can be carried out in any D, it greatly
simplifies in D = 4, where one can use the spinorial formalism. We briefly
review this in the next section, and then move on to write down the Vasiliev
equations.
10.1. Tensor-spinor dictionary
It is well known that in D = 4 a vector index can be replaced by a bispinor
index. This is essentially the isomorphism SO(4) = SU(2) × SU(2). The
explicit map can be carried out by using the matrices
(σa)αα˙ = (1, ~σ)αα˙ , a = 0, . . . , 3 , α, α˙ = 1, 2 , (127)
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where ~σ are the usual Pauli matrices. Using this, we can associate to a
vector va a bispinor vαα˙ as
va → vαα˙ = va(σa)αα˙ . (128)
In group theory language, this is the correspondence between the fun-
damental representation [1, 0] of SO(4) and the representation
(
1
2 ,
1
2
)
of
SU(2) × SU(2). l Spinor indices may be raised and lowered using the
-tensor
αβ =
(
0 1
−1 0
)
, αβ =
(
0 1
−1 0
)
(129)
with the conventions
vα = αβvβ , vα = v
ββα (130)
and similarly for dotted indices. We may also define the matrix
(σ¯a)
α˙α
= αβα˙β˙ (σa)ββ˙ . (131)
We will often drop the ‘bar’, since it is understood that the two matrices
are related by raising and lowering indices with ’s. Useful relations include
(σa)αα˙ (σa)
β˙β
= −2δβαδβ˙α˙
(σa)
α˙
α
(
σb
) β
α˙
= ηabδβα +
(
σab
) β
α
(σa)
α
α˙
(
σb
) β˙
α
= ηabδβ˙α˙ +
(
σ¯ab
) β˙
α˙
(132)
where (
σab
) β
α
=
1
2
(
(σa) α˙α (σ
b) βα˙ − (σb) α˙α (σa) βα˙
)
(133)
and similarly for σ¯ab.
Analogously to (128), one may show that an antisymmetric tensor Fab
in the [1, 1] of SO(4) corresponds to the representation (1, 0) ⊕ (0, 1) of
SU(2)× SU(2)
Fab → Fαβ , F¯α˙β˙ (134)
which we can see explicitly from
F ab(σa)αα˙(σb)ββ˙ = α˙β˙Fαβ + αβFα˙β˙
Fαβ = −1
2
Fab(σ
ab)αβ , F¯α˙β˙ = −
1
2
Fab(σ¯
ab)α˙β˙ .
(135)
lWe use the notation (s1, s2) for the representation of SU(2) × SU(2) of dimension
(2s1 + 1)(2s2 + 1), corresponding to the multispinor v
α1···α2s1 α˙1···α˙2s2 which is totally
symmetric in the dotted and undotted indices.
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Note that Fαβ and F¯α˙β˙ are related to the selfdual and anti-selfdual parts of
Fab. In particular, the s = 2 vielbein and spin connection read, in spinorial
language
ea, ωab → eαα˙ , ωαβ , ω¯α˙β˙ . (136)
The general map between SO(4) and SU(2) × SU(2) representations
read
[k, l] →
(
k + l
2
,
k − l
2
)
⊕
(
k − l
2
,
k + l
2
)
(137)
or, explicitly in terms of tensors
va1···ak,b1···bl → vα1···αk+l,α˙1···α˙k−l , v¯α1···αk−l,α˙1···α˙k+l . (138)
Therefore, we find that the tower of fields (119) needed in the frame-like
approach to HS fields corresponds to the collection of multispinors
ωα1···αs−1+n,α˙1···α˙s−1−n , n = −(s− 1), . . . , (s− 1) . (139)
In particular, the spin s vielbein field ea1···as−1 corresponds to the multi-
spinor eα1···αs−1,α˙1···α˙s−1 , i.e. n = 0 above, and all other fields are spin
connection-like.
Let us finally note that, according to (137), the HS Weyl tensor
Ca1···as,b1···bs in the [s, s] of SO(4) corresponds to the totally symmetric
multispinors Cα1···α2s and C¯α˙1···α˙2s in the (s, 0) ⊕ (0, s). For instance, in
the s = 2 case, the selfdual and antiselfdual parts of the Weyl tensor Cabcd
correspond to the multispinors Cαβγδ and C¯α˙β˙γ˙δ˙.
10.2. Twistor variables and star-product realization of HS
algebra
As anticipated above, in Vasiliev construction the HS algebra generators
are realized in terms of an auxiliary space with a non-commutative star
product. We introduce the twistor-like variables
yα , y¯α˙ (140)
in the spinor representations (1/2, 0) and (0, 1/2). These variables are
bosonic, in particular yαy
α = αβyαyβ = 0. We then introduce the star-
product rule
f(y, y¯) ∗ g(y, y¯) = f(y, y¯)e
αβ
←−
∂
∂yα
−→
∂
∂yβ
+α˙β˙
←−
∂
∂y¯α˙
−→
∂
∂y¯β˙ g(y, y¯) . (141)
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In particular, for the monomials of y, y¯, we have
yα ∗ yβ = yαyβ + αβ
y¯α˙ ∗ y¯β˙ = y¯α˙y¯β˙ + α˙β˙
yα ∗ y¯α˙ = yαy¯α˙ .
(142)
Note that we use here the conventions of [38, 132, 133], where no factors
of i appear in front of ’s. The following integral representation of the star
product is often useful
f ∗ g =
∫
d2ud2vd2u¯d2v¯ euv+u¯v¯f(y + u, y¯ + u¯)g(y + v, y¯ + v¯) (143)
where uv ≡ uαvα, u¯v¯ = u¯α˙v¯α˙ and a choice of integration contour and
measure normalization is assumed so that 1 ∗ f = f ∗ 1 = f . For instance
we assume ∫
d2ueuv = δ2(v) (144)
and, in particular, the elementary star products (142) are reproduced. Use-
ful identities that follow from the definition of the star product include
[yα, f ]∗ = 2
∂f
∂yα
, [yα, f ]∗ = 2αβ
∂f
∂yβ
[yαyβ , f ]∗ = 2yα
∂f
∂yβ
+ 2yβ
∂f
∂yα
[yαy¯β˙ , f ]∗ = 2yα
∂f
∂y¯β˙
+ 2y¯β˙
∂f
∂yα
{yαy¯α˙, f}∗ = 2yαy¯α˙f + 2 ∂
2f
∂yα∂y¯α˙
(145)
where [A,B]∗ = A∗B−B ∗A and {A,B}∗ = A∗B+B ∗A, and f = f(y, y¯)
is an arbitrary function of the twistor variables.
Now one can see that the bilinears in y, y¯
Pαα˙ = yαy¯α˙ , Mαβ = yαyβ , M¯α˙β˙ = y¯α˙y¯β˙ (146)
satisfy an algebra under star commutators that (up to normalization) is
precisely the SO(3, 2) algebra [M,M ]∗ ∼ M , [M,P ]∗ ∼ P , [P, P ]∗ ∼ M ,
with Pαα˙ corresponding to the local translations Pa and Mαβ , M¯α˙β˙ the
selfdual and anti-selfdual parts of the Lorentz generators Mab. Note that
we have implicitly set `2AdS = 1 in the definition of the star product.
m
mWe can reintroduce the AdS scale by taking y, y¯ to have dimension 1/2, with yα ∗yβ =
yαyβ +
1
`
αβ and similarly for y¯. Then P ∼ yy¯ and M ∼ `yy.
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Hence, we can realize the spin 2 gauge field as a function of homogeneous
degree two in y, y¯
Ws=2 = eαα˙(x)y
αy¯α˙ + ωαβ(x)y
αyβ + ω¯α˙β˙(x)y¯
α˙y¯β˙ . (147)
The generalization to higher spins is straightforward. We simply take a
one-form W (x|y, y¯) = dxµWµ(x|y, y¯) which is a general function of the
auxiliary twistor variables
W (x|y, y¯) =
∞∑
n,m=0
1
n!m!
W
(n,m)
α1···αn,α˙1···α˙m(x)y
α1 · · · yαn y¯α˙1 · · · y¯α˙m . (148)
The Taylor expansion of the “master field” above encodes the physical HS
gauge fields of all spins. From (139), we see that the spin s gauge fields are
given by
spin−s : W (s−1+n,s−1−n)α1···αs−1+n,α˙1···α˙s−1−n , −(s− 1) ≤ n ≤ s− 1 (149)
i.e., by the terms in (148) of total degree 2(s−1) in y, y¯. Note that the (y, y¯)-
independent part of W is a s = 1 field (keep in mind that each component
in the expansion (148) is a one-form). The Fronsdal field is related to the
HS vielbein which is the W (s−1,s−1) component
Wα1···αs−1,α˙1···α˙s−1µ → ea1···as−1µ → ϕµ1µ2···µs = e(µ1,µ2···µs) .
(150)
Note that the expansion (148) includes, as written, fields of both integer and
half-integer spins (for example, W
(1,0)
µ,α and W
(0,1)
µ,α˙ make up a s = 3/2 field).
One may truncate to the integer spins only by imposing the constraint that
W is even in the auxiliary variables, W (x|y, y¯) = W (x| − y,−y¯).
The set of monomials in y, y¯ of total degree 2(s − 1), corresponding to
the gauge fields (149), are then interpreted as the generators of the HS
algebra
Ts(y, y¯) = {yα1 · · · yαn y¯α˙1 · · · y¯α˙m}|n+m=2(s−1) (151)
which may be packaged into the SO(3, 2) representation TA1···As−1,B1···Bs−1
as explained in the previous section. The HS algebra is then the algebra of
the generators (151) under star-commutators, with the star product defined
above. It has the structure, schematically
[Ts1 , Ts2 ]∗ =
s1+s2−2∑
s=|s1−s2|+2
Ts . (152)
For instance [T2, T2]∗ ∼ T2; [T3, T3]∗ ∼ T4 + T2; [T4, T4]∗ ∼ T6 + T4 + T2
etc. The s ≤ 2 generators form the only finite subalgebra SO(3, 2)⊕U(1).
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As already reviewed in Section 2, commutators of generators with s > 2
produce generators of higher spin, and hence the whole tower must be
present. The bosonic HS algebra generated by all the integer spins Ts,
s ≥ 1 is denoted hu(1, 0|4) [8]. Note that the structure of the commutators
(152) indicates that a consistent subalgebra may be obtained by projecting
out the odd spins. The corresponding HS algebra is denoted ho(1, 0|4) or
sometimes hs(4).
While the one-form W (x|y, y¯) encodes all gauge fields with s ≥ 1, we
know at least from a CFT perspective that the HS theory should include a
scalar field. This suggests that we need an additional master zero-form
B(x|y, y¯) =
∞∑
n,m=0
1
n!m!
B
(n,m)
α1···αnα˙1···α˙my
α1 · · · yαn y¯α˙1 · · · y¯α˙m . (153)
Indeed, this is correct, and it turns out by analyzing the Vasiliev equations
reviewed in the next section that B(0,0) is the bulk scalar field, and the
tower of fields B(n,n), n > 0 is auxiliary and expressed in terms of B(0,0)
by the equations of motion. The fields B(2s,0) and B(0,2s) are related to
the selfdual and anti-selfdual parts of the HS Weyl tensors, and B(2s+n,n),
B(n,2s+n) with n > 0 are related to the bottom components n = 0 by the
equations of motion.
10.3. Non-linear equations
The master fields W (x|y, y¯) and B(x|y, y¯) introduced in the previous sec-
tion are sufficient to encode all physical fields and to write down the free
equations of motion. However, to construct the fully non-linear theory, a
technical trick which turns out to be useful is to double the auxiliary twistor
space by introducing a new set of variables z, z¯
(yα, y¯α˙) → (yα, y¯α˙, zα, z¯α˙) . (154)
The new variables are purely auxiliary, and the physical fields will be con-
tained in the (z, z¯)-independent part of the master fields introduced below.
On the doubled twistor space, we then introduce the extended star product
f(Y,Z) ∗ g(Y, Z) = f(Y,Z) exp
[
αβ
(←−
∂ yα +
←−
∂ zα
)(−→
∂ yβ −
−→
∂ zβ
)
+ α˙β˙
(←−
∂ y¯α˙ +
←−
∂ z¯α˙
)(−→
∂ y¯β˙ −
−→
∂ z¯β˙
)]
g(Y,Z).
(155)
where we have introduced the shorthand notation (Y,Z) = (yα, y¯α˙, zα, z¯α˙).
In addition to (142), the definition above implies the elementary star prod-
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ucts
zα ∗ zβ = zαzβ − αβ
yα ∗ zβ = yαzβ − αβ
zα ∗ yβ = zαyβ + αβ
(156)
and similarly for dotted spinors. The star commutators are then given by
[yα, yβ ]∗ = 2αβ , [zα, zβ ]∗ = −2αβ , [yα, zβ ]∗ = 0 . (157)
It is important to note that while y and z star-commute, their star product
(156) is non-trivial. More generally, one finds the identities
zα ∗ f(y, y¯, z, z¯) = zαf + αβ
(
∂f
∂yβ
− ∂f
∂zβ
)
,
[zα, f(y, y¯, z, z¯)]∗ = −2αβ ∂f
∂zβ
.
(158)
One has the following integral representation of the extended star product
f(Y,Z) ∗ g(Y,Z)
=
∫
d4Ud4V euv+u¯v¯f(y + u, y¯ + u¯, z + u, z¯ + u¯)g(y + v, y¯ + v¯, z − v, z¯ − v¯)
(159)
where as explained in the previous section one assumes an integration con-
tour and measure normalization such that f ∗ 1 = 1 ∗ f = f , and we have
used the shorthand d4U = d2ud2u¯ and similarly for v, v¯.
An important property of the extended star product is that it admits
the “Kleinian operators”
κ = ez
αyα , κ¯ = ez¯
α˙y¯α˙ (160)
which satisfy, as the reader may check as an exercise:
κ ∗ κ = 1 , κ¯ ∗ κ¯ = 1 . (161)
Given an arbitrary function f(y, z), one may also derive the following results
f(y, y¯, z, z¯) ∗ κ = f(−z, y¯,−y, z¯)κ ,
κ ∗ f(y, y¯, z, z¯) = κf(z, y¯, y, z¯). (162)
and similarly for the star products with κ¯. In particular, it follows that
κ ∗ f(y, y¯, z, z¯) ∗ κ = f(−y, y¯,−z, z¯)
κ¯ ∗ f(y, y¯, z, z¯) ∗ κ¯ = f(y,−y¯, z,−z¯) . (163)
We now introduce the full set of master fields required to write down
Vasiliev equations. They are:
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(1) A master one-form W (x|y, y¯, z, z¯) = dxµWµ(x|y, y¯, z, z¯). This is the
same one-form introduced in the previous section, except it now de-
pends on the enlarged twistor space variables. As explained above, W
is to be viewed as a gauge field of the HS algebra. The gauge transfor-
mation is
δW = dx+ [W, ]∗ (164)
where the gauge parameter  = (y, y¯, z, z¯) is a function of all twistor
variables.
(2) A zero-form B(x|y, y¯, z, z¯), which is postulated to transform in the
“twisted adjoint” representation, with the gauge transformation
δB = − ∗B +B ∗ pi()
pi() ≡ (x| − y, y¯,−z, z¯) = κ ∗  ∗ κ . (165)
Note that we can map the twisted adjoint to the ordinary adjoint by
star multiplication with the Kleinian. Indeed, from (165) it follows that
Φ = B ∗ κ transforms in the adjoint
δΦ = − ∗ Φ + Φ ∗  . (166)
(3) An additional gauge field which is a one-form in the (z, z¯)-direction
S(x|y, y¯, z, z¯) = dzαSα(x|y, y¯, z, z¯) + dz¯α˙S¯α˙(x|y, y¯, z, z¯) (167)
with the gauge transformation
δS = dZ+ [S, ]∗ , (168)
where dZ = dz
α ∂
∂zα + dz¯
α˙ ∂
∂z¯α˙ .
The physical degrees of freedom are contained in W and B projected to the
z = z¯ = 0 subspace, and S is purely auxiliary.n The following constraints
are imposed on the master fields
W (Y,Z) = W (−Y,−Z) , B(Y, Z) = B(−Y,−Z)
Sα(Y, Z) = −Sα(−Y,−Z) , S¯α˙(Y, Z) = −S¯α˙(−Y,−Z)
(169)
and similarly on the gauge parameter (Y,Z) = (−Y,−Z). These con-
straints are important for consistency of the non-linear equations, and they
imply that the physical spectrum includes only integer spins.
nThe original Vasiliev’s system of [6] actually contains a doubled set of master fields
compared to the ones listed above. We will not discuss explicitly this model here.
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We are now ready to write down the fully non-linear equations of motion.
To write them in the most compact form, it is convenient to define the one-
form in (x, Z) space
A(x|Y, Z) = dxµWµ(x|Y,Z) + dzαSα(x|Y, Z) + dz¯α˙S¯α˙(x|Y, Z) (170)
which transforms under the gauge symmetry as
δA = d+ [A, ]∗ , d ≡ dx + dZ . (171)
The Vasiliev non-linear equations are then given by
dA+A ∗ A = f∗(B ∗ κ)dz2 + f¯∗(B ∗ κ¯)dz¯2
dB +A ∗B −B ∗ pi(A) = 0 . (172)
Here pi is defined in general as the operation that flips the signs of (y, z, dz)
while preserving the signs of (y¯, z¯, dz¯). If no z-differential is involved, this
is equivalent to conjugation by κ, as in (165). Similarly one may define the
conjugate operation p¯i that flips the sign of (y¯, z¯, dz¯). Note, however, that
due to the constraints (169), pi(A) = p¯i(A) and pi(B) = p¯i(B). In (172),
f(X) is an analytic function of X, and f¯ its complex conjugate. f∗(X)
is the corresponding star-function obtained by replacing all products of X
in the Taylor series of f(X) by star-products. The function f(X) reflects
some freedom in the interactions allowed by the HS gauge symmetry, as
will be discussed below.
One can see that the Vasiliev equations (172) are manifestly gauge in-
variant under (171), (165). Note that the right-hand side of the first equa-
tion in (172) transforms in the adjoint, as appropriate. The consistency of
these equations depends crucially on the fact that we have only two zα’s
and two z¯α˙’s (so that there is no holomorphic 3-form in z), and the trun-
cation condition (169). For instance, in showing that the second equation
is consistent with Bianchi identities and the first equation, one has to use
pi(W ) = p¯i(W ), pi(Sα) = −p¯i(Sα), etc.
Let us also note that one can impose a consistent truncation of (172)
by imposing, in addition to (169), the constraints
W (x, iy, iy¯,−iz,−iz¯) = −W (x, y, y¯, z, z¯) ,
S(x, iy, iy¯,−iz,−iz¯,−idz,−idz¯) = −S(x, y, y¯, z, z¯, dz, dz¯) ,
B(x, iy,−iy¯,−iz, iz¯) = B(x, y, y¯, z, z¯) .
(173)
The resulting theory is the “minimal bosonic” HS theory, and its spectrum
involves only even spins. For instance, note that the constraint on W in
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(173) retains only the terms in (148) with total degree in (y, y¯) equal to
4k − 2 (k = 1, 2, . . .), corresponding to spin s = 2k.o
Let us end this section by writing out the Vasiliev equations (148) more
explicitly in terms of the master fields W,B, S. They are
dxW +W ∗W = 0
dZW + dxS +W ∗ S + S ∗W = 0
dZS + S ∗ S = f∗(B ∗ κ)dz2 + f¯∗(B ∗ κ¯)dz¯2
dxB +W ∗B −B ∗ pi(W ) = 0
dZB + S ∗B −B ∗ pi(S) = 0 .
(174)
Note that it is possible to remove the Z-derivatives from the system
(174) or (172) by redefining S = Sˆ + 12zαdz
α + 12 z¯α˙dz¯
α˙. Indeed, due to
[zα, f ]∗ = −2 ∂f∂zα (and similarly for z¯α˙), the terms involing dZ in (174) and
the gauge transformation (168) can be absorbed into the star commutators
with 12zαdz
α + 12 z¯α˙dz¯
α˙, and the resulting equations in terms of W, Sˆ,B do
not involve the Z-differential. In what follows, we will always use the form
(174), or (172), of Vasiliev equations.
10.4. Type A, Type B and parity breaking theories
It turns out that not all choices of the function f(X) in (172) define phys-
ically distinct theories. It is possible to show that, by using the free-
dom of making field redefinitions consistent with the equations of motion,
gauge transformations and reality conditions, one can put f(X) in the
form [6, 134], see also [79, 133]
f(X) = X exp(iθ(X)) (175)
where
θ(X) =
∞∑
n=0
θ2nX
2n (176)
is a real even analytic function. The function (175), or the phase θ(X),
characterizes the interactions in the most general 4d Vasiliev theory. One
can restrict f(X) by imposing a parity symmetry. This acts on (Y,Z) by
yα ↔ y¯α˙, zα ↔ z¯α˙, and so exchanges the two terms f(B ∗ K)dz2 and
f¯(B ∗ K¯)dz¯2 in the equation of motion. We may assign the scalar B to
be either parity even or parity odd. If we choose B to be parity even,
oWe refer the reader to [133] for a proof that (173) defines a truncation consistent with
(172).
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then invariance under parity requires f(X) = f¯(X) and hence, from (175),
Θ(X) = 0. On the other hand, if B is chosen to be parity odd, then parity
invariance requires f(X) = f¯(−X) and hence Θ(X) = pi/2. To summarize,
we have two parity invariant theories
B parity even , fA(X) = X
B parity odd , fB(X) = iX .
(177)
These define respectively the so-called “type A” and “type B” models,
conjecturally dual to scalar and fermionic vector models as summarized in
Table 1.
If Θ(X) is not identically equal to 0 or pi/2, we have the more general
parity breaking HS theories. Note that at the level of the classical equations
discussed so far, these theories are labelled by the infinite set of parameters
θ0, θ2, θ4, . . .. The conjectured duality (71) then would require a mapping
between these phases and the ’t Hooft coupling of the Chern-Simons vector
models. We will come back to this in Section 10.6 below.
10.5. AdS4 background and linearized equations
The Vasiliev equations (172) are formulated in a background independent
way. To see how the AdS spacetime arises, we now show that the theory has
a vacuum solution corresponding to AdS4, and then derive the linearized
equations that describe the propagation of the free HS gauge fields on the
AdS background.
The maximally symmetric, vacuum, solution is obtained by setting B =
0, S = 0 and taking W to be quadratic in y, y¯
W0(x|Y ) = e0(x|Y ) + ω0(x|Y ) , B = 0 , S = 0
= (e0)αβ˙y
αy¯β˙ + (ω0)αβy
αyβ + (ω0)α˙β˙ y¯
α˙y¯β˙ .
(178)
Here e0 and ω0 are the vielbein and spin connection 1-forms of the back-
ground solution. In our conventions, the relation to the usual ea, ωab in
vector notations is
(e0)αβ˙ =
1
4
eaσa
αβ˙
, (ω0)αβ =
1
16
ωabσabαβ , (ω0)α˙β˙ = −
1
16
ωabσ¯ab
α˙β˙
. (179)
With B = 0, S = 0, the only nontrivial component of Vasiliev equations
(174) is
dxW0 +W0 ∗W0 = 0 . (180)
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Collecting the independent terms in (y, y¯), one finds the equations
yαy¯α˙ : dxeαβ˙ + 4ω
β
α ∧ eββ˙ − 4eαγ˙ ∧ ωγ˙β˙ = 0,
yαyβ : dxω
β
α − 4ω γα ∧ w βγ − eαα˙ ∧ eββ˙α˙β˙ = 0,
yα˙yβ˙ : dxω
α˙
β˙
+ 4ωα˙γ˙ ∧ ωγ˙β˙ − eαα˙ ∧ eββ˙
αβ = 0.
(181)
As explained around eq. (110) above, these flatness equations translate
into the vanishing of torsion and on the condition that the Riemann tensor
is that of the maximally symmetric space AdS4.
In Poincare´ coordinates, with the metric given in Euclidean signature
by
ds2 =
d~x2 + dz2
z2
, (182)
we can write ω0 and e0 explicitly as
e0(x|Y ) = −1
4
dxµ
z
yσµy¯ ,
ω0(x|Y ) = −1
8
dxi
z
(
yσizy + y¯σiz y¯
)
,
(183)
where xµ = (z, xi), i = 1, 2, 3 (we use Euclidean signature, and identify x4
with z). Note that, while the σ matrices naturally carry flat indices, in this
expression we identify flat and curved indices on σ by using the diagonal
vielbein, i.e. for instance
(e0)αα˙ =
1
4
ea0(σa)αα˙ =
1
4
dxµea0,µ(σa)αα˙ =
dxµ
4z
δaµ(σa)αα˙ . (184)
Note also that in our conventions we have yσµy¯ = yα(σµ)α
β˙ y¯β˙ =
−(σµ)αβ˙yαy¯β˙ = y¯β˙(σµ)αβ˙yα = y¯σµy, etc.
To extract the physical content of the theory, we can develop a pertur-
bative expansion for fluctuations around the AdS vacuum. One writes
W = W0(x|Y ) + Ŵ (x|Y, Z), S = S(x|Y,Z), B = B(x|Y, Z), (185)
and solves Vasiliev equations order by order in the fluctuations Ŵ , S, B.
At the linearized level, the equations are
D0Ŵ1 = 0,
dZŴ1 +D0S1 = 0,
dZS1 = e
iθ0B1 ∗ κdz2 + e−iθ0B1 ∗ κ¯dz¯2,
D˜0B1 = 0,
dZB1 = 0,
(186)
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where we have introduced the subscript ‘1’ to denote the linearized fields.
Here D0 and D˜0 are the covariant and twisted covariant differential with
respect to W0, namely
D0 = dx + [W0, · ]∗, D˜0 = dx + [ω0, · ]∗ + {e0, · }∗. (187)
Note that the anticommutator in D˜0 arises because of the pi-operation in
the twisted adjoint covariant derivative, see the second line of (172). Using
the identities (145), we may also write
D0 = ∇L + 2eαα˙0
(
yα
∂
∂y¯α˙
+ y¯α˙
∂
∂yα
)
,
D˜0 = ∇L + 2eαα˙0
(
yαy¯α˙ +
∂
∂yα
∂
∂y¯α˙
)
,
∇L = dx + [ω0, ·]∗
= dx + 2ω
αβ
0
(
yα
∂
∂yβ
+ yβ
∂
∂yα
)
+ 2ω¯α˙β˙0
(
y¯α˙
∂
∂y¯β˙
+ y¯β˙
∂
∂y¯α˙
)
.
(188)
Recall that Z-twistor variable is entirely auxiliary, and the physical
degrees of freedom are contained in the master fields Ŵ and B restricted
to Z = (zα, z¯α˙) = 0. To solve the linearized equations, we write
W1(x|Y,Z) = Ω(x|y, y¯) +W ′(x|y, y¯, z, z¯) , W ′|Z=0 = 0 ,
B1(x|Y, Z) = C(x, y, y¯) ,
(189)
where by writing the second line we have already solved the last equation
in (186). The master field S is purely auxiliary, as one may impose the
gauge condition [7, 8]
Sα|Z=0 = Sα˙|Z=0 = 0 , (190)
which can always be achieved with a Z-dependent gauge transformation
(x|Y,Z). In this gauge, one may solve the third equation in (186) to find
S1 = −eiθ0zαdzα
∫ 1
0
dt t(C ∗ κ)|zα→tzα + c.c
= −eiθ0zαdzα
∫ 1
0
dt tC(x| − tz, y¯)etzy + c.c. .
(191)
Plugging this into the second equation in (186) allows to determine the
Z-dependent part of W , denoted W ′(x|y, y¯, z, z¯) above; see [133] for the
detailed calculation that we skip here for brevity. Finally, after plugging
the result for W ′ into the first equation in (186), one can compute
D0Ω = −D0W ′ = −(D0W ′)|Z=0 , (192)
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and the end result is that the linearized equations for the “physical master
fields” Ω(x|Y ) and C(x|Y ) are given by
D0Ω = 2e
iθ0(e0)α
β˙ ∧ (e0)αγ˙∂y¯β˙∂y¯γ˙C(x|0, y¯)
+ 2e−iθ0(e0)βα˙ ∧ (e0)γα˙∂yβ∂yγC(x|y, 0) ,
D˜0C = 0 .
(193)
One can show that these equations describe the free propagation of a tower
of HS fields, one for each integer spin,p plus a scalar with mass squared
m2 = −2 in AdS units [6]. We will only sketch the derivation of this
in the remaining of this section, and refer the reader to the literature [7,
8, 129–131, 133] for more details. First, note that the ∇L operator in
(188) does not change the degree in y, y¯, it is just a Lorentz covariant
derivative acting on each component of the master field. On the other
hand, the operator e0(y∂y¯ + y¯∂y) in D0 changes the degree of y and y¯ by
one unit, while keeping the total degree in y, y¯ fixed. Therefore, we see
that the first equation in (193) splits into decoupled equations for the set
Ω(x|Y )|ys−1+ky¯s−1−k ≡ Ω(s−1+k,s−1−k), with −(s − 1) ≤ k ≤ (s − 1); the
equations relate “neighboring” components until the bottom components
Ω(2s−2,0) and Ω(0,2s−2) are reached, which are respectively connected by
(193) to C(2s,0) and C(0,2s). As for the second equation, we see that the
operator e0(yy¯ + ∂y∂y¯) appearing in D˜0C = 0 changes the total degree in
y, y¯ by two, while keeping the difference of the degrees in y and y¯ fixed.
Therefore the second equation splits in decoupled sets for the fields C(n,m),
|n −m| = 2s. Since the components C(2s,0), C(0,2s) are related to the HS
gauge fields by the first equation, we conclude that (193) decompose into
subsets of equations for each spin s, involving the components
spin s :
{
Ω(s−1+k,s−1−k), k = −(s− 1), . . . , (s− 1) ,
C(2s+n,n), C(n,2s+n) n ≥ 0 . (194)
Of course, the equation for the scalar is entirely contained in the second
line of (193). Writing out that equation in terms of the scalar components
C(n,n) = 1(n!)2Cα1...αnα˙1···α˙n , n > 0, we get
∇LµC(n,n) + 2eαα˙0,µ
(
yαy¯α˙C
(n−1,n−1) +
∂
∂yα∂y¯α˙
C(n+1,n+1)
)
= 0 . (195)
This tower of first order differential equations represents the so-called un-
folded form of the usual Klein-Gordon equation. To see this, we can write
pOr one for each even spin in the minimally truncated theory.
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the first two equations in the tower
∇µC(0,0) + 2eαβ˙0,µC(1,1)αα˙ = 0 ,
∇µC(1,1)αα˙ + 2(e0,µ)αα˙C(0,0) + 2eββ˙0,µC(2,2)αβα˙β˙ = 0 .
(196)
Taking a covariant derivative of the first line, and solving for ∇µB(1,1)αα˙ from
the second line, one finds
∇2C(0,0) + 2eαα˙0,µ∇µC(1,1)αα˙
= ∇2C(0,0) − 2eαα˙0,µ
(
2(eµ0 )αα˙C
(0,0) + 2(eµ0 )
ββC
(2,2)
αβα˙β˙
)
= 0 .
(197)
Now using that in our conventions eαβ˙µ e
µ
γδ˙
= − 18δαγ δβ˙δ˙ , and eαβ˙µ eναβ˙ = − 18δνµ,
and that αβα˙β˙C
(2,2)
αβα˙β˙
= 0, we finally find the Klein-Gordon equation(∇2 + 2)C(0,0) = 0 . (198)
Hence, as anticipated in our CFT discussion, we see that the scalar field in
Vasiliev AdS4 theory has m
2 = −2/`2AdS. The higher equations in the tower
(195) do not yield new information, they just express all higher components
C(n,n) as derivatives of the bottom component C(0,0).
Similarly, we can analyze the s = 1 equations. In this case, there is a
single equation coming from the first line of (193)
∇[µΩ(0,0)ν] = 2eiθ0(e0,[µ)β˙α(e0,ν])αγ˙C(0,2)β˙γ˙ + 2e
−iθ0(e0,[µ)
β
α˙(e0,ν])
γα˙C
(2,0)
βγ .
(199)
This equation essentially just says that C(2,0) and C(0,2) are related to the
field strength Fµν of the gauge field Ω
(0,0)
µ , up to the phase factors
C
(2,0)
αβ = e
iθ0Fαβ , C
(0,2)
α˙β˙
= e−iθ0 F¯α˙β˙ . (200)
The second equation in (193) then yields the Maxwell equations
∇αα˙Fαβ = 0 , ∇αα˙F¯ α˙β˙ = 0 , (201)
which are equivalent to ∇µFµν = 0, ∇[µFνρ] = 0.
For s > 1, one gets from the first line of (193) the tower of equations
∇LΩ(s−1−k,s−1+k) + 2eαβ˙0 ∧
[
yα∂y¯β˙Ω
(s−2−k,s+k) + ∂yα y¯β˙Ω
(s−k,s−2+k)
]
= 0 ,
− (s− 1) < k < s− 1
(202)
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and for k = ±(s− 1)
∇LΩ(2s−2,0) + 2eαβ˙0 ∧ yα∂y¯β˙Ω(2s−3,1) = 2e−iθ0(e0)βα˙ ∧ (e0)γα˙∂yβ∂yγC(2s,0)
∇LΩ(0,2s−2) + 2eαβ˙0 ∧ ∂yα y¯β˙Ω(1,2s−3) = 2eiθ0(e0)βα˙ ∧ (e0)γα˙∂yβ∂yγC(0,2s) .
(203)
Eq. (202) and (203) are the correct HS free equations in the frame-like
formalism, essentially equivalent to the tower of curvature constraints (120).
The Fronsdal equations (94) for the totally symmetric field
ϕµ1···µs = Ω
α1···αs−1α˙1···α˙s−1
(µ1
(e0,µ2)α1α˙1 · · · (e0,µs))αs−1α˙s−1 (204)
are in fact already contained in (202) for k = 0,±1. Note that they are
independent of the phase factor θ0. Finally, the equations (203) imply that
C(2s,0) and C(0,2s) are related to the selfdual and anti-selfdual parts of the
HS Weyl tensor C
(±)
s , up to the phase factor
C
(2s,0)
α1···α2s = e
iθ0C
(+)
α1···α2s , C
(0,2s)
α˙1···α˙2s = e
−iθ0C(−)α˙1···α˙2s . (205)
The second equation in (193) in this case does not yield new information,
it just corresponds to the Bianchi identities needed for consistency of the
system.
10.6. Perturbation theory and correlation functions
The perturbative expansion around AdS described in the previous section
can be carried out order by order in perturbation theory, and one should
in principle be able to extract this way the cubic, quartic, etc. interaction
vertices of the HS fields. In practice, this procedure is very complicated
and has not been carried out beyond quadratic level (cubic vertices) [38,
134–136].
In the context of AdS/CFT, the main object of interest are the corre-
lation functions of the boundary HS currents, computed via bulk Witten
diagrams as in Figure 2. A direct calculation of the 3-point functions using
Vasiliev equations was carried out in [38, 48] (see also [50, 137]). In this
section, we briefly review the main idea and results of the calculation, and
refer the reader to the review [133] for a detailed summary of the more
technical aspects of the computations.
Let us first review some useful notation to describe the HS currents in
CFT3. In (7), we have introduced the auxiliary null polarization vector 
µ
which allows to greatly simplify tensor manipulations. While this works in
any dimension, in d = 3 a further simplification arises because we can trade
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a null polarization vector by a “polarization spinor” λα by
αβ = ~ · ~ταβ = λαλβ (206)
where we denote by ~ταβ the usual Pauli matrices
q, and the last equality
follows from the fact that ~ is null and so αβ has vanishing determinant.
In other words, we can encode the HS currents as
Js(x, λ) = Jα1···α2sλ
α1 · · ·λα2s (207)
where the totally symmetric multispinor Jα1···α2s is equivalent to the totally
symmetric rank-s tensor of SO(3).
The correlation functions 〈Js1Js2Js3〉 can be extracted directly from the
Vasiliev equations in AdS. One picks two of the currents, say Js1 , Js2 to play
the role of boundary sources, and then solves for the field ϕs3(~x, z), dual
to Js3 , sourced by those boundary operators, working to second order in
perturbation theory. The 3-point function is then obtained by taking the
boundary limit z → 0 of the second order field ϕs3(~x, z), after stripping
off the factor z∆3 that is related to the scaling dimension of the boundary
operator. This is schematically depicted in Figure 8.
ϕ(z,x)
Js1
Js2
Js1
Js2
Js3
z∆3  .
z --> 0
Fig. 8. Extracting the 3-point functions from the boundary limit of the second order
field.
The spin-s degrees of freedom are contained both in the gauge field
Ω(x|Y ) = W (x|Y,Z)|Z=0 and the zero-form C(x|Y ) = B(x|Y, Z)|Z=0, as
described in the previous section. In practice, it is more convenient to
focus on the zero-form, and extract the HS fields from the (self-dual part
qWe use a different symbol to avoid confusion with the σ matrices used in the 4d bulk,
which naturally carry a dotted and undotted index.
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of) the spin-s Weyl curvature, C(2s,0). This is because in the boundary
limit z → 0, C(2s,0) is proportional to the metric-like rank-s symmetric
traceless tensor field up to a power of z. In fact, the linearized equations
allow to derive a relation between the spin-s Weyl curvature and gauge
field of the form C(2s,0)(x|y) = csz1−sez2yσµ∂µ∂y¯z−1Φs(x|yσµy¯)|y¯=0, where
cs is a normalization constant and Φs(x|yσµy¯), which is related to the
vielbein-like field Ω
(s−1,s−1)
µ , encodes all the totally symmetric Fronsdal
fields, see eq. (3.59) and (3.60) of [38]. In the z → 0 limit, the leading
behavior of the spin-s gauge field is Φs ∼ zs+1ϕii···is(~x)(yσi1 y¯) · · · (yσis y¯),
where ϕii···is(~x) is the boundary profile dual to the current Ji1···is . In
the relation between C(2s,0) and Φs above, at leading order in small z
one can replace σµ∂µ ∼ σz∂z, so that upon setting y¯ = 0 one obtains
C(2s,0) ∼ zs+1ϕii···is(~x)(yσi1zy) · · · (yσiszy) in the z → 0 limit. In other
words, C
(2s,0)
α1···α2s may be thought as dual to the spin-s current Jα1···α2s in
bispinor notation (207), with the twistor variables yα naturally identified
with the boundary polarization spinors (note that σizαβ plays the role of the
boundary Pauli matrices τ iαβ).
r To summarize, after solving for the second
order zero-form B2(x|Y,Z), we extract C2(x|Y ) by setting Z = 0, and then
take the boundary limit of the selfdual part to read off the 3-point function
B2(z, ~x|yα, y¯α˙ = 0, zα = 0, z¯α˙ = 0) z→0∼ zs+1Cα1···α2s(~x)yα1 · · · yαs
Cα1···α2s = 〈Jα1···α2s〉Js1 ,Js2 → 〈Js1Js2Js3〉CFT
(208)
The explicit calculation sketched above has been carried out in two ap-
proaches: a “physical spacetime approach” [38], where one works out the
perturbation theory directly in the physical AdS spacetime; and a “gauge
function approach” [48] where one utilizes the fact that Vasiliev equations
(174) allow for a formal gauge transformation (“W = 0 gauge”) that re-
moves the spacetime dependence of the master fields, so that one can solve
for them entirely in the (Y,Z) space which is technically simpler. In the
latter method, assuming a certain contour prescription to carry out the
twistor space integrals, one obtains a rather compact representation of the
3-point functions for all spins
〈J(~x1, λ1)J(~x2, λ2)J(~0, λ3)〉
=
∫
d4Ud4V B1(U ; ~xi, λi)B1(V ; ~xi, λi)K(U, V ;λ3)
(209)
rEven though the linearized relation between C(2s,0) and Φs will receive corrections at
higher orders in perturbation theory, we expect that it should still hold at leading order
at small z away from boundary sources. See Appendix A of [38] for a related discussion.
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where U = (uα, u¯α˙), and similarly for V . In this expression, K(U, V ;λ3) is
a certain “kernel” whose explicit expression can be found in [48, 133]; and
B1 is a linearized field which is related to the bulk-to-boundary propagators
in the presence of the two sources at positions ~x1,2 and polarization λ1,2.
Allowing for the general parity breaking phase θ0, its expression takes the
form (see eq. (205) above)
B1(U ; ~xi, λi) = e
iθ0C
(+)
1 (U ; ~xi, λi) + e
−iθ0C(−)1 (U ; ~xi, λi) (210)
where we refer to [133] for the explicit expressions of the bulk-to-boundary
propagators C
(±)
1 . Plugging (210) into (209), the result is seen to split into
three terms, as expected from weakly broken HS symmetry considerations
[29], see (72)
〈JJJ〉 = cos2 θ0〈JJJ〉A + sin2 θ0〈JJJ〉B + sin θ0 cos θ0〈JJJ〉odd , (211)
where 〈JJJ〉A and 〈JJJ〉B are parity preserving, and were shown in [48,
133] to precisely match the generating functions [49] of 3-point functions
of all spins in free scalar and free boson respectively, thus providing a non-
trivial test of the HS/CFT duality in the parity preserving type A/type B
cases. On the other hand, the term 〈JJJ〉odd, which would be parity odd,
apparently vanishes [138] after carrying out the integration in (209) with
the contour prescription of [133], while it should definitely be non-zero from
CFT point of view. Presumably this puzzle has to do with some subtlety
in the contour prescription or with some gauge ambiguity that was not
properly fixed in the calculation, see [133] for a discussion. Note that the
splitting into three structures (211) was also obtained recently in [136].
In the “physical spacetime approach”, the calculation of [38] was gener-
alized to the parity breaking case in [133], where the correlator 〈Js1Js2J0〉
was derived, assuming ∆ = 1 boundary condition on the scalar (it should
be possible to extract the result for ∆ = 2 by similar methods). The final
result (see Section 5.2 of [133]) takes the form
〈Js1Js2J0〉 = cos θ0〈Js1Js2J0〉free sc + sin θ0〈Js1Js2J0〉odd , (212)
where the parity odd structure is correctly non-vanishing and was shown
to match the available known CFT results [29, 49]. Note that in this case
there is no free fermion structure, since the scalar operator has ∆ = 1.
This result is precisely consistent with the weakly broken HS symmetry
analysis [29].s Combining the conjectured duality (71) with the explicit
sIn writing the result in (212), the scalar J0 is assumed to be normalized so that the
2-point function is θ0-independent. One should take this into account when comparing
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results of [30] indicates that the phase parameter should be mapped to the
’t Hooft coupling in the dual Chern-Simons vector model by
θ0 =
pi
2
λ (213)
for CS-scalar vector model, and
θ0 =
pi
2
(1− λ) (214)
for CS-fermion vector model. Note that, if the higher phases θ2n, n > 0 in
(176) are absent [139], the conjectured duality (71) with θ0(λ) given above
would manifestly imply the 3d bosonization duality (75) at large N , not
just at the level of 3-point functions, but to all orders.
10.7. Generalizations: Chan-Paton factors and supersym-
metry
In the previous sections we have presented the simplest bosonic HS theory
in AdS4. For completeness, we briefly mention here two generalizations of
the Vasiliev equations: Chan-Paton factors and supersymmetry [8, 79, 140–
142].
Vasiliev system (172) admits an obvious extension to non-abelian higher
spin fields, through the introduction of “Chan-Paton” factors. We simply
replace the master fields by M ×M matrix valued fields, W ab, Bab, Sab, and
replace the star-algebra in the gauge transformations and equations of mo-
tion by its tensor product with the algebra of M ×M complex matrices.
The spectrum then includes matrix valued HS fields of all spins, transform-
ing in the adjoint of U(M).t On the CFT side, this corresponds to taking
a CFT with N ·M complex fields, say the free scalar theory (the fermionic
case may be discussed in a similar way)
S =
∫
d3x
(
∂µφ
∗
ia)(∂
µφia
)
, i = 1, . . . , N , a = 1, . . . ,M (215)
and imposing a U(N) singlet constraint. Then there are M2 conserved
currents for each spin
(Js)
a
b = φ
∗
ib∂
sφia , a, b = 1, . . . ,M . (216)
to [29, 30]. Also note that in (212) and (211) we have omitted the overall bulk coupling
constant gbulk ∼ G−1/2N . Comparison with the results of [29, 30], see eq. (73) above,
fixes G−1N ∼ N˜ = 2N sin(piλ)piλ .
tOne may similarly consider orthogonal and symplectic cases, see e.g. [8].
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Note that while the bulk theory involves M2 “colored” gravitons, when
interactions are turned on at the boundary (e.g. by double-trace defor-
mations, corresponding to changing the boundary conditions in the bulk),
only a single graviton, corresponding to the singlet in (216), will remain
massless [79]. Perturbative calculations like the ones done in [38, 48] can
be extended in a straightforward way to the non-abelian case, as long as M
is kept fixed in the large N limit, so that the bulk perturbative expansion
still makes sense. Note that the bulk ’t Hooft coupling is ∼ M/N , since
G−1N ∼ N and the bulk fields are M ×M matrices.
Vasiliev system also admits a supersymmetric extension [79, 140, 143,
144] that can be defined by simply introducing Grassmannian auxiliary vari-
ables ψi, i = 1, · · · , n, that obey the Clifford algebra {ψi, ψj} = 2δij , and
commute with all the twistor variables (Y,Z). The master fields W,S,B, as
well as the gauge transformation parameter , are then functions of the ψi’s
as well as of (xµ, yα, y¯α˙, zα, z¯α˙). The constraint that generalizes (169) now
requires that the components of the master fields that are even functions of
ψi are also even functions of the spinor variables Y,Z, whereas odd func-
tions of ψi are also odd functions of Y,Z. The latter give rise to fermionic
fields in AdS4 of half-integer spins, consistently with the spin-statistics theo-
rem. Note that the bilinears in y, y¯, ψi generate the superalgebra OSp(4|n).
While n is arbitrary at the level of the equations of motion, it was shown
in [79] that in the general parity violating theories (which are dual to inter-
acting theories at the boundary) the maximum preserved supersymmetry
is in fact N = 6.
11. One-loop tests of Higher Spin/CFT duality
In Section 10.6 we have reviewed the existing tests of the higher spin/vector
model dualities at the level of 3-point correlation functions. In this section,
we review some more recent tests based on comparing bulk and boundary
partition functions [19, 20, 145–150]. For brevity, we mainly focus on the
original calculation in AdS4/CFT3 done in [19], and mention towards the
end of the section a few generalizations.
In a CFT3, an interesting physical observable is given by the sphere
partition function, or free energy F = − logZ of the theory on a round S3.
In a conformal theory, this is a finite, well-defined number that plays the
role of a c-function in 3d: it satisfies FUV > FIR under RG flow [151–155],
and is related to the universal term in the entanglement entropy across a
circle. In the free CFT, the sphere free energy is easily computed by a
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one-loop path integral. Focusing on the scalar model, one has
F = − logZ Z =
∫
Dφe−S
S =
∫
d3x
√
g
(
∂µφ
i∂µφi +
R
8
φiφi
)
(217)
where the coupling to the scalar curvature R = 6 of the 3-sphere is required
by conformal invariance (we set the radius to 1). Then, one has
F =
N
2
log det
(
−∇2 + 3
4
)
. (218)
where N is the number of real scalars. This determinant can be computed
for instance by zeta-function techniques [154], yielding
F =
N
2
∞∑
n=0
(n+ 1)2 log[(n+ 1/2)(n+ 3/2)] = N
(
log 2
8
− 3ζ3
16pi2
)
.(219)
Importantly, the N dependence of F is trivial, since we have a free CFT.
How do we reproduce the CFT result from the bulk? In particular,
can we see that all the 1/N corrections are trivial? This is certainly not
obvious from the bulk point of view, since the HS gravity theory is a highly
non-linear theory. According to the AdS/CFT dictionary, we should have
Zbulk = ZCFT , (220)
where Zbulk is the partition function of the bulk theory on the vacuum
Euclidean AdS4 (hyperbolic space), with metric
ds2 = dρ2 + sinh2 ρ dΩ3 , (221)
where dΩ3 is the metric of a unit round 3-sphere. On general grounds, the
bulk partition function takes the form
Zbulk = e
− 1GN F
(0)−F (1)−GNF (2)+... = e−Fbulk , (222)
where GN denotes the bulk coupling constant. As explained in Section 3,
a simple argument based on matching the large N scaling of correlation
functions, one sees that G−1N ∝ N in the large N limit. Then we see
that in principle the bulk free energy may involve an infinite set of 1/N
corrections coming from loops. The leading term in (222) corresponds to
the value of the suitably regularized classical bulk action computed on the
vacuum solution with metric (221), and with all other fields set to zero.
Since we do not currently know an action for Vasiliev theory which reduces
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to the standard quadratic actions at the free level,u a direct calculation
of F (0) appears to be out of reach at present. An alternative approach to
compute F (0) would be to exploit the relation to the circle entanglement
entropy, and try to find a suitable generalization of the Ryu-Takayanagi
prescription [156] to the HS gravity case. This would involve finding a
suitable HS invariant 2-form to be integrated over a minimal surface ending
on the circular contour at the boundary (for recent progress on constructing
HS invariant observables in HS theory, see [139, 157]).
The subleading terms in (222), which arise from the quantum correc-
tions, are obtained by computing the vacuum diagrams of the bulk fields
in the AdS4 background. In particular the calculation of the one loop term
F (1) depends only on the spectrum of the theory, and may be computed
by evaluating the appropriate functional determinants in AdS4. For the
type A theory in AdSd+1, after gauge fixing [158–160] one may express the
one-loop partition function as
Z1−loop =
1
[det (−∇2 − 2(d− 2))] 12
×
×
∞∏
s=1
[
detSTTs−1
(−∇2 + (s− 1)(s+ d− 2))] 12[
detSTTs (−∇2 + (s− 2)(s+ d− 2)− s)
] 1
2
.
(223)
The label STT indicates that the determinants are evaluated on the space
of symmetric traceless transverse tensors, and the structure of the kinetic
terms are the ones coming from the gauge fixing of Fronsdal equations, see
eq. (98) and (99) above. In the infinite product above, we have assumed
that we are working in the non-minimal theory with all spins; in the minimal
case, the product runs over the even spins.
These one loop determinants can be computed with the aid of the spec-
tral zeta function [161] which was derived for all integer spins and all dimen-
sions by Camporesi and Higuchi [162, 163]. Given the differential operator
(−∇2 +κ2) (with κ a constant) acting on the space of STT spin s fields, one
can define an associated spectral zeta function as the Mellin transform of
the corresponding heat kernel. Explicitly, in general boundary dimension
uActions for Vasiliev theory were proposed in [11–15]. They do not appear to reduce to
ordinary quadratic lagrangians when expanded around the AdS4 vacuum, and it is not
clear at the moment how to extract the tree level free energy F (0) from those actions.
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d one finds [162, 163]
ζ(∆,s)(z) =
(∫
volAdSd+1∫
volSd
)
2d−1
pi
gs
∫ ∞
0
du
µs(u)[
u2 +
(
∆− d2
)2]z(
∆− d
2
)2
= κ2 + s+
d2
4
. (224)
Here volAdSd+1 is the (regularized) volume of Euclidean AdS, gs is the
number of degrees of freedom (91) of a STT spin s field in d+1 dimensions,
and µs(u) is the so-called spectral density. In the present case of d = 3, we
have
volAdS4 =
4
3
pi2 , volS3 = 2pi
2
µs(u) =
piu
16
[
u2 +
(
s+
1
2
)2]
tanhpiu , gs = 2s+ 1 . (225)
Given the spectral zeta function (224), the contribution to the one loop
free energy F (1) = − logZ1−loop of the spin s field with kinetic operator
(−∇2 + κ2) is obtained as [161]
F
(1)
(∆,s) = −
1
2
ζ ′(∆,s)(0)−
1
2
ζ(∆,s)(0) log
(
`2AdSΛ
2
UV
)
, (226)
where ΛUV is a UV renormalization scale. The term proportional to
ζ(∆,s)(0) corresponds to a logarithmic divergence which arises in even di-
mensional spacetimes, in particular AdS4. Computing the value of the
spectral zeta function at z = 0 from the expression (224), one finds that
the full logarithmic term of the one loop free energy is given by
F (1)
∣∣∣
log−div
= −1
2
(
ζ(1,0)(0) +
∞∑
s=1
(
ζ(s+1,s)(0)− ζ(s+2,s−1)(0)
))
log
(
`2AdSΛ
2
UV
)
=
(
1
360
+
∞∑
s=1
(
1
180
− s
2
24
+
5s4
24
))
log
(
`2AdSΛ
2
UV
)
. (227)
Thus we see that each spin contributes a non-zero coefficient to the bulk
one-loop divergence (for instance, for s = 2, (227) gives 571180 log
(
`2AdSΛ
2
UV
)
,
which is the correct coefficient of the logarithmic divergence in pure Einstein
gravity in AdS4 [164]). However, performing the sum by zeta function
regularization,v and using ζ(0) = − 12 and ζ(−2n) = 0 for n > 0, we see
that the coefficient of the logarithmic divergence in the theory involving
vOne may obtain the same result by summing over all spins first and then analytically
continuing the spectral parameter z to zero [20].
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all spins actually vanishes, due to cancellation between the scalar and the
infinite tower of HS fields. This is a non-trivial consistency check, since if
the duality with the CFT is exact, one would expect the bulk theory to
be “UV complete”, and not have any UV divergences. Note that the same
result also holds in the minimal theory, and independently of the boundary
conditions on the scalar field.
Having shown that the logarithmic piece vanishes, one can then turn to
the computation of the finite contribution to F (1), which is given by ζ ′(0).
This calculation is considerably more involved, and we refer the reader
to [19, 20] for the technical details. The final result is that, in the non-
minimal theory with all integer spins, and with ∆ = 1 boundary condition
on the bulk scalar, the one-loop bulk free energy precisely vanishes
F (1) = 0 . (228)
This is consistent with the duality with N free complex scalars in the U(N)
singlet sector, and the simplest identification of the bulk coupling G−1N ∼ N ,
with no order one shifts of N . The results of [39, 154, 165] then imply that
when the scalar is quantized with ∆ = 2 boundary condition, the final result
is F (1) = − ζ(3)8pi2 , consistent with the field theory containing the double-trace
interaction ∼ (φ¯iφi)2.
One can perform the analogous calculation in the case of the “minimal”
type A Vasiliev’s theory which contains one scalar and one HS field of
each even spin. As reviewed in Section 3, for ∆ = 1 boundary condition
this is conjecturally dual to N real free scalars in the O(N) singlet sector.
Summing up the one-loop determinants of all fields in the spectrum, one
finds the non-vanishing result [19]
F
(1)
min =
log 2
8
− 3ζ(3)
16pi2
. (229)
Remarkably, this is precisely equal to the value (219) of the 3-sphere free
energy F for a real conformally coupled scalar field! This result is therefore
consistent with the duality with N free real scalars in the O(N) singlet
sector, provided the identification between the bulk coupling GN and N
involves a shift N → N − 1, i.e. GN ∼ 1N−1 , so that the classical piece
1
GN
F
(0)
min = (N − 1)
(
log 2
8
− 3ζ(3)
16pi2
)
, (230)
when combined with the one-loop piece (229), would give the expected CFT
result proportional to N . Note that this intepretation, if correct, implies
that all higher loop corrections in the bulk beyond one-loop should vanish.
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This simple integer shift is presumably related to a quantization condition
of the coupling constant in the HS theory [41], and is somewhat reminiscent
of the integer one-loop shift of the level that appears in the CS gauge theory.
For a discussion of this shift from a different point of view, see also [145].
The calculation outlined above can be generalized to the type A theory
in AdSd+1 for all d [20], as well as to more general HS theories [146–148,
166–169] whose spectrum is dual to vector models with scalars, fermions
and/or (in even d) (d/2 − 1)-forms, or combinations thereof.w In odd d,
the calculation is similar to the one above: F is a finite number on the
CFT side, and in the bulk we may have a UV divergence that is expected
to cancel. In even d, the CFT free energy is logarithmically divergent and
the coefficient of the divergence is the Weyl a-anomaly. In the bulk, this is
reflected in the IR divergence of the regularized AdS volume, see [20]. In
all cases in even d, one finds agreement with the expected dualities, up to
possible simple shifts of N analogous to the one described above. For odd
d, one also finds agreement with this pattern, except for an open puzzle
in the case of the type B/fermionic vector model duality, where one gets a
finite one-loop free energy which is not explained by a simple integer shift
of N , see [19, 167–169]. For all HS theories in AdSd+1 with d odd, the
one-loop UV logarithmic divergences appear to vanish after summing over
the relevant spectrum, which is an interesting result in its own right, even
beyond the relevance of these models in the AdS/CFT context.
12. Summary and some open questions
As reviewed in these notes, consistent fully non-linear theories of massless
higher spin fields can be explicitly constructed if one assumes a non-zero
cosmological constant. They involve infinite towers of massless fields of
all spins, and a corresponding infinite dimensional gauge symmetry. While
the existence of such theories is remarkable and fascinating in its own right,
it has a natural interpretation in the context of the AdS/CFT correspon-
dence: Vasiliev HS gauge theories have precisely the right spectrum to be
holographically dual to large N vector models. In the simplest versions
of the duality, the vector model is a free CFT (restricted to the singlet
sector), but the HS/CFT duality can be also extended to a variety of inter-
acting theories, including the critical O(N) model, Gross-Neveu model, 3d
wSuch theories involve in general half-integer spins as well as mixed symmetry fields.
The non-linear equations are not known, but the spectrum can be uniquely identified
from CFT considerations.
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QED coupled to massless flavors, CPN model, and vector models coupled
to Chern-Simons gauge fields. In the interacting vector models, the higher
spin symmetry is weakly broken at large N , generating small anomalous
dimensions for the HS current; in the corresponding AdS duals, the HS
symmetry is broken by the boundary conditions and the gauge fields ac-
quire masses via loop corrections. It is a crucial feature of these dualities
that they involve vector models, rather than matrix-type theories. What is
special about vector models is that their single trace spectrum is highly re-
stricted, consisting only of operators which are bilinears in the fundamental
fields. This is why a vector model can be dual to a pure HS gauge theory
of Vasiliev type. While the emergence of conserved HS currents is a generic
feature of weakly coupled field theories, the single trace spectrum of a free
CFT with matrix-like fields would include, in addition to the conserved HS
currents, infinite towers of operators that are not currents and are dual to
massive fields in AdS. For example, in the case of free N = 4 SYM theory,
this implies that the tensionless limit of the dual type IIB string theory on
AdS5 × S5 should be a higher spin gauge theory, coupled to infinite towers
of massive fields. When the CFT interactions are turned on, conserved
currents combine with operators in the appropriate representations to yield
non-conserved currents; in the bulk, this should correspond to a HS version
of the Higgs mechanism [170, 171]. In the Yang-Mills type theories, the
anomalous dimension are generated at planar level, and the dual bulk HS
fields should acquire masses already at classical level. In the case of vector
models, on the other hand, the Higgsing happens at quantum level [74],
since there are no single trace/single particle states in the spectrum with
the appropriate quantum numbers. Studying the constraints on how to
consistently couple the Vasiliev theories to matter fields is a very interest-
ing open question, and would be a necessary step in order to understand
the AdS dual of weakly coupled theories with adjoint fields.
A distinguishing feature of the higher spin/vector model duality is that
both sides of the correspondence are in principle under computational con-
trol in the same regime, since 1/N is the expansion parameter on both
sides. This allows not only for direct quantitative tests of the correspon-
dence, but it also suggests that for this class of models one might be able to
prove the AdS/CFT correspondence, at least to all orders in perturbation
theory. Several suggestions on how to derive the higher spin/vector model
duality from first principles have appeared in [172–178] (see also [179] for
relevant earlier work).
One outstanding issue that should be addressed in order to make
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progress in the HS/CFT duality is to understand how to properly quantize
the Vasiliev theory. While this is currently not fully understood, partly
due to the lack of a conventional action principle for Vasiliev equations, the
recent one-loop results reviewed in Section 11 give preliminary evidence
that quantum calculations in higher spin theories make sense, at least in
a perturbative approach. It would be interesting to extend the existing
one-loop calculations to the case of correlation functions. For example, the
one-loop correction to the “boundary-to-boundary” two-point functions of
the HS fields should encode the anomalous dimensions of the CFT currents:
it should vanish in the case in which the dual is a free theory, but should
be non-trivial when the duals are interacting models. This is especially
interesting in the case of the parity violating HS theories, where one should
reproduce the anomalous dimensions of the Chern-Simons vector models.
Such calculations of bulk loop corrections to correlation functions may soon
become feasible due to the progress [17, 18] in perturbatively reconstructing
the explicit cubic and quartic terms in the bulk Lagrangian.
It is tempting to speculate that HS theories, due to the infinite dimen-
sional symmetry, may provide examples of UV finite models of quantum
gravity. The recent one-loop calculations of bulk partition functions re-
viewed above provide some partial evidence for this, as they show that UV
divergences vanish at one-loop, in any spacetime dimensions and without
supersymmetry. If this persists to higher loops, HS theories may be ex-
amples of consistent theories of quantum gravity, and it is natural to ask
whether such theories exist independently of string theory or if they may
be derived from it. A concrete embedding of Vasiliev theory in type IIA
string theory was proposed in [79] for a supersymmetric version of Vasiliev
theory in AdS4. It would be interesting to understand what happens in
higher dimensions, and without supersymmetry.
Much of the progress in understanding higher spin holography so far
has involved studying small perturbations over the AdS vacuum, such as
in the matching of correlation functions or in the calculation of one-loop
partition functions. It is of clear interest to also study exact solutions of the
Vasiliev equations, and understand their role in the holographic duality. In
the context of the AdS3 higher spin duality of [31, 32], considerable progress
has been made in constructing and studying black hole solutions. Much less
is known in higher dimensions. In [180] (see also [90]) it was argued from a
calculation of the free energy of the singlet sector vector model on S1×S2,
that the dual HS theory should not possess AdS-Schwarzschild black hole
solutions in global AdS4, essentially because the singlet constraint prevents
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order N free energy at temperature T ∼ 1 (in units of the radius of the
sphere). On the other hand, an exact solution of the 4d HS theory was
found in [132] (and generalized in [181]) whose graviton sector appears to
behave like a spherically symmetric charged black hole. It would be very
interesting to understand the meaning of this solution in the context of the
HS/CFT duality. Various deformations of the vector models, such as for
instance adding a mass term in the boundary theory, should also correspond
to some exact solutions of Vasiliev theory, and it would be interesting to
find such solutions and study their implications for the holographic duality.
Acknowledgements
I would like to thank the organizers of TASI 2015 for the kind invitation
and the opportunity to give these lectures. I also thank the organizers of
the 2013 GGI School on Higher Spins, String and Dualities; PiTP 2014;
the 2014 Mathematica Summer School on Theoretical Physics; and the
2015 Dynasty Summer School, where versions of these lectures were pre-
sented. I am deeply grateful to O. Aharony, L. Fei, G. Gur-Ari, V. Kirilin,
I. Klebanov, J. Maldacena, S. Minwalla, S. Prakash, S. Pufu, B. Safdi, G.
Tarnopolsky, S. Trivedi, A. Tseytlin, R. Yacoby, S. Wadia and in particular
X. Yin, for the fruitful collaborations on topics related to these lectures.
I also thank I. Klebanov and A. Tseytlin for useful comments on earlier
versions of these notes. This work is supported in part by the US NSF
under Grant No. PHY-1318681.
References
[1] S. Weinberg, Photons and Gravitons in s Matrix Theory: Derivation of
Charge Conservation and Equality of Gravitational and Inertial Mass,
Phys. Rev. 135, B1049–B1056 (1964). doi: 10.1103/PhysRev.135.B1049.
[2] S. R. Coleman and J. Mandula, All Possible Symmetries of the S Matrix,
Phys. Rev. 159, 1251–1256 (1967). doi: 10.1103/PhysRev.159.1251.
[3] X. Bekaert, N. Boulanger, and P. Sundell, How higher-spin gravity sur-
passes the spin two barrier: no-go theorems versus yes-go examples, Rev.
Mod. Phys. 84, 987–1009 (2012). doi: 10.1103/RevModPhys.84.987.
[4] E. Fradkin and M. A. Vasiliev, On the Gravitational Interaction of Mass-
less Higher Spin Fields, Phys.Lett. B189, 89–95 (1987). doi: 10.1016/
0370-2693(87)91275-5.
[5] M. A. Vasiliev, Consistent equation for interacting gauge fields of all
spins in (3+1)-dimensions, Phys.Lett. B243, 378–382 (1990). doi: 10.1016/
0370-2693(90)91400-6.
TASI Lectures on the Higher Spin - CFT duality 69
[6] M. A. Vasiliev, More on equations of motion for interacting massless fields
of all spins in (3+1)-dimensions, Phys.Lett. B285, 225–234 (1992). doi:
10.1016/0370-2693(92)91457-K.
[7] M. A. Vasiliev, Higher spin gauge theories in four-dimensions, three-
dimensions, and two-dimensions, Int.J.Mod.Phys. D5, 763–797 (1996). doi:
10.1142/S0218271896000473.
[8] M. A. Vasiliev, Higher spin gauge theories: Star product and AdS space
(1999).
[9] P. Breitenlohner and D. Z. Freedman, Stability in Gauged Extended Super-
gravity, Annals Phys. 144, 249 (1982). doi: 10.1016/0003-4916(82)90116-6.
[10] M. Vasiliev, Nonlinear equations for symmetric massless higher spin fields in
(A)dS(d), Phys.Lett. B567, 139–151 (2003). doi: 10.1016/S0370-2693(03)
00872-4.
[11] N. Boulanger and P. Sundell, An action principle for Vasiliev’s four-
dimensional higher-spin gravity, J.Phys. A44, 495402 (2011). doi: 10.1088/
1751-8113/44/49/495402.
[12] N. Doroud and L. Smolin, An Action for higher spin gauge theory in four
dimensions (2011).
[13] N. Boulanger, N. Colombo, and P. Sundell, A minimal BV action for
Vasiliev’s four-dimensional higher spin gravity, JHEP. 1210, 043 (2012).
doi: 10.1007/JHEP10(2012)043.
[14] N. Boulanger, E. Sezgin, and P. Sundell, 4D Higher Spin Gravity with
Dynamical Two-Form as a Frobenius-Chern-Simons Gauge Theory (2015).
[15] R. Bonezzi, N. Boulanger, E. Sezgin, and P. Sundell, Frobenius-Chern-
Simons gauge theory (2016).
[16] M. A. Vasiliev, CONSISTENT EQUATIONS FOR INTERACTING
MASSLESS FIELDS OF ALL SPINS IN THE FIRST ORDER IN CUR-
VATURES, Annals Phys. 190, 59–106 (1989). doi: 10.1016/0003-4916(89)
90261-3.
[17] C. Sleight and M. Taronna, Higher Spin Interactions from Conformal Field
Theory: The Complete Cubic Couplings, Phys. Rev. Lett. 116(18), 181602
(2016). doi: 10.1103/PhysRevLett.116.181602.
[18] X. Bekaert, J. Erdmenger, D. Ponomarev, and C. Sleight, Quartic AdS
Interactions in Higher-Spin Gravity from Conformal Field Theory, JHEP.
11, 149 (2015). doi: 10.1007/JHEP11(2015)149.
[19] S. Giombi and I. R. Klebanov, One Loop Tests of Higher Spin AdS/CFT,
JHEP. 12, 068 (2013). doi: 10.1007/JHEP12(2013)068.
[20] S. Giombi, I. R. Klebanov, and B. R. Safdi, Higher Spin AdSd+1/CFTd at
One Loop, Phys. Rev. D89(8), 084004 (2014). doi: 10.1103/PhysRevD.89.
084004.
[21] J. M. Maldacena, The Large N Limit of Superconformal Field Theories and
Supergravity, Adv. Theor. Math. Phys. 2, 231–252 (1998). doi: 10.1023/A:
1026654312961.
[22] S. S. Gubser, I. R. Klebanov, and A. M. Polyakov, Gauge Theory Corre-
lators from Non-Critical String Theory, Phys. Lett. B428, 105–114 (1998).
doi: 10.1016/S0370-2693(98)00377-3.
70 Simone Giombi
[23] E. Witten, Anti-de Sitter Space and Holography, Adv. Theor. Math. Phys.
2, 253–291 (1998).
[24] I. R. Klebanov and A. M. Polyakov, AdS dual of the critical O(N) vector
model, Phys. Lett. B550, 213–219 (2002). doi: 10.1016/S0370-2693(02)
02980-5.
[25] E. Sezgin and P. Sundell, Holography in 4D (super) higher spin theories
and a test via cubic scalar couplings, JHEP. 07, 044 (2005). doi: 10.1088/
1126-6708/2005/07/044.
[26] R. G. Leigh and A. C. Petkou, Holography of the N = 1 higher-spin theory
on AdS(4), JHEP. 06, 011 (2003).
[27] S. Giombi, S. Minwalla, S. Prakash, S. P. Trivedi, S. R. Wadia, et al.,
Chern-Simons Theory with Vector Fermion Matter, Eur.Phys.J. C72, 2112
(2012). doi: 10.1140/epjc/s10052-012-2112-0.
[28] O. Aharony, G. Gur-Ari, and R. Yacoby, d=3 Bosonic Vector Models
Coupled to Chern-Simons Gauge Theories, JHEP. 1203, 037 (2012). doi:
10.1007/JHEP03(2012)037.
[29] J. Maldacena and A. Zhiboedov, Constraining conformal field theories with
a slightly broken higher spin symmetry, Class.Quant.Grav. 30, 104003
(2013). doi: 10.1088/0264-9381/30/10/104003.
[30] O. Aharony, G. Gur-Ari, and R. Yacoby, Correlation Functions of Large
N Chern-Simons-Matter Theories and Bosonization in Three Dimensions,
JHEP. 12, 028 (2012). doi: 10.1007/JHEP12(2012)028.
[31] M. R. Gaberdiel and R. Gopakumar, An AdS3 Dual for Minimal Model
CFTs, Phys.Rev. D83, 066007 (2011). doi: 10.1103/PhysRevD.83.066007.
[32] M. R. Gaberdiel and R. Gopakumar, Minimal Model Holography, J.Phys.
A46, 214002 (2013). doi: 10.1088/1751-8113/46/21/214002.
[33] H. Osborn and A. Petkou, Implications of conformal invariance in field
theories for general dimensions, Annals Phys. 231, 311–362 (1994). doi:
10.1006/aphy.1994.1045.
[34] V. K. Dobrev, V. B. Petkova, S. G. Petrova, and I. T. Todorov, Dy-
namical Derivation of Vacuum Operator Product Expansion in Euclidean
Conformal Quantum Field Theory, Phys. Rev. D13, 887 (1976). doi:
10.1103/PhysRevD.13.887.
[35] N. S. Craigie, V. K. Dobrev, and I. T. Todorov, Conformally Covariant
Composite Operators in Quantum Chromodynamics, Annals Phys. 159,
411–444 (1985). doi: 10.1016/0003-4916(85)90118-6.
[36] M. S. Costa, J. Penedones, D. Poland, and S. Rychkov, Spinning Conformal
Correlators, JHEP. 11, 071 (2011). doi: 10.1007/JHEP11(2011)071.
[37] S. Ferrara, A. Grillo, and R. Gatto, Tensor representations of conformal al-
gebra and conformally covariant operator product expansion, Annals Phys.
76, 161–188 (1973). doi: 10.1016/0003-4916(73)90446-6.
[38] S. Giombi and X. Yin, Higher Spin Gauge Theory and Holography:
The Three-Point Functions, JHEP. 1009, 115 (2010). doi: 10.1007/
JHEP09(2010)115.
[39] S. Giombi, I. R. Klebanov, S. S. Pufu, B. R. Safdi, and G. Tarnopolsky,
AdS Description of Induced Higher-Spin Gauge Theory, JHEP. 1310, 016
TASI Lectures on the Higher Spin - CFT duality 71
(2013). doi: 10.1007/JHEP10(2013)016.
[40] M. G. Eastwood, Higher symmetries of the Laplacian, Annals Math. 161,
1645–1665 (2005). doi: 10.4007/annals.2005.161.1645.
[41] J. Maldacena and A. Zhiboedov, Constraining Conformal Field Theories
with A Higher Spin Symmetry, J.Phys. A46, 214011 (2013). doi: 10.1088/
1751-8113/46/21/214011.
[42] N. Boulanger, D. Ponomarev, E. D. Skvortsov, and M. Taronna, On the
uniqueness of higher-spin symmetries in AdS and CFT, Int. J. Mod. Phys.
A28, 1350162 (2013). doi: 10.1142/S0217751X13501625.
[43] Y. S. Stanev, Constraining conformal field theory with higher spin symme-
try in four dimensions, Nucl. Phys. B876, 651–666 (2013). doi: 10.1016/j.
nuclphysb.2013.09.002.
[44] V. Alba and K. Diab, Constraining conformal field theories with a higher
spin symmetry in d=4 (2013).
[45] V. Alba and K. Diab, Constraining conformal field theories with a higher
spin symmetry in d > 3 dimensions, JHEP. 03, 044 (2016). doi: 10.1007/
JHEP03(2016)044.
[46] M. Flato and C. Fronsdal, One Massless Particle Equals Two Dirac Sin-
gletons: Elementary Particles in a Curved Space. 6., Lett. Math. Phys. 2,
421–426 (1978). doi: 10.1007/BF00400170.
[47] M. Flato and C. Fronsdal, On DIS and Racs, Phys. Lett. B97, 236–240
(1980). doi: 10.1016/0370-2693(80)90591-2.
[48] S. Giombi and X. Yin, Higher Spins in AdS and Twistorial Holography,
JHEP. 1104, 086 (2011). doi: 10.1007/JHEP04(2011)086.
[49] S. Giombi, S. Prakash, and X. Yin, A Note on CFT Correlators in Three
Dimensions, JHEP. 07, 105 (2013). doi: 10.1007/JHEP07(2013)105.
[50] V. Didenko and E. Skvortsov, Exact higher-spin symmetry in CFT: all
correlators in unbroken Vasiliev theory, JHEP. 1304, 158 (2013). doi: 10.
1007/JHEP04(2013)158.
[51] J. M. Maldacena and G. L. Pimentel, On graviton non-Gaussianities during
inflation, JHEP. 09, 045 (2011). doi: 10.1007/JHEP09(2011)045.
[52] G. Arutyunov and S. Frolov, Three point Green function of the stress energy
tensor in the AdS / CFT correspondence, Phys. Rev. D60, 026004 (1999).
doi: 10.1103/PhysRevD.60.026004.
[53] P. Haggi-Mani and B. Sundborg, Free large N supersymmetric Yang-Mills
theory as a string theory, JHEP. 0004, 031 (2000).
[54] B. Sundborg, Stringy gravity, interacting tensionless strings and massless
higher spins, Nucl. Phys. Proc. Suppl. 102, 113–119 (2001). doi: 10.1016/
S0920-5632(01)01545-6. [,113(2000)].
[55] E. Witten, Talk at the John Schwarz 60th Birthday Symposium,
http://theory.caltech.edu/jhs60/witten/1.html .
[56] S. Konstein, M. Vasiliev, and V. Zaikin, Conformal higher spin currents in
any dimension and AdS / CFT correspondence, JHEP. 0012, 018 (2000).
[57] O. Shaynkman and M. Vasiliev, Higher spin conformal symmetry for matter
fields in (2+1)-dimensions, Theor.Math.Phys. 128, 1155–1168 (2001). doi:
10.1023/A:1012399417069.
72 Simone Giombi
[58] E. Sezgin and P. Sundell, Doubletons and 5-D higher spin gauge theory,
JHEP. 0109, 036 (2001).
[59] M. Vasiliev, Conformal higher spin symmetries of 4-d massless super-
multiplets and osp(L,2M) invariant equations in generalized (super)space,
Phys.Rev. D66, 066006 (2002). doi: 10.1103/PhysRevD.66.066006.
[60] A. Mikhailov, Notes on higher spin symmetries (2002).
[61] E. Sezgin and P. Sundell, Massless higher spins and holography, Nucl.Phys.
B644, 303–370 (2002). doi: 10.1016/S0550-3213(02)00739-3.
[62] H. Kleinert and V. Schulte-Frohlinde, Critical properties of φ4-theories,
River Edge, USA: World Scientific. p. 489 p. (2001).
[63] M. Moshe and J. Zinn-Justin, Quantum field theory in the large N limit:
A Review, Phys.Rept. 385, 69–228 (2003). doi: 10.1016/S0370-1573(03)
00263-1.
[64] E. Brezin and J. Zinn-Justin, Renormalization of the nonlinear sigma model
in 2 + epsilon dimensions. Application to the Heisenberg ferromagnets,
Phys. Rev. Lett. 36, 691–694 (1976). doi: 10.1103/PhysRevLett.36.691.
[65] W. A. Bardeen, B. W. Lee, and R. E. Shrock, Phase Transition in the
Nonlinear Sigma Model in Two + Epsilon Dimensional Continuum, Phys.
Rev. D14, 985 (1976). doi: 10.1103/PhysRevD.14.985.
[66] S. S. Gubser and I. R. Klebanov, A Universal result on central charges in
the presence of double trace deformations, Nucl.Phys. B656, 23–36 (2003).
doi: 10.1016/S0550-3213(03)00056-7.
[67] I. R. Klebanov and E. Witten, AdS / CFT correspondence and symmetry
breaking, Nucl.Phys. B556, 89–114 (1999). doi: 10.1016/S0550-3213(99)
00387-9.
[68] E. Witten, Multitrace operators, boundary conditions, and AdS / CFT
correspondence (2001).
[69] E. D. Skvortsov, On (Un)Broken Higher-Spin Symmetry in Vector Models
(2015).
[70] S. Giombi and V. Kirilin, Anomalous Dimensions in CFT with Weakly
Broken Higher Spin Symmetry (2016).
[71] D. Anselmi, The N=4 quantum conformal algebra, Nucl. Phys. B541,
369–385 (1999). doi: 10.1016/S0550-3213(98)00848-7.
[72] A. V. Belitsky, J. Henn, C. Jarczak, D. Mueller, and E. Sokatchev, Anoma-
lous dimensions of leading twist conformal operators, Phys. Rev. D77,
045029 (2008). doi: 10.1103/PhysRevD.77.045029.
[73] K. Lang and W. Ruhl, The Critical O(N) sigma model at dimensions 2 <
d < 4: Fusion coefficients and anomalous dimensions, Nucl.Phys. B400,
597–623 (1993). doi: 10.1016/0550-3213(93)90417-N.
[74] L. Girardello, M. Porrati, and A. Zaffaroni, 3-D interacting CFTs and
generalized Higgs phenomenon in higher spin theories on AdS, Phys. Lett.
B561, 289–293 (2003). doi: 10.1016/S0370-2693(03)00492-1.
[75] S. Giombi and X. Yin, On Higher Spin Gauge Theory and the Critical O(N)
Model, Phys.Rev. D85, 086005 (2012). doi: 10.1103/PhysRevD.85.086005.
[76] A. Hasenfratz, P. Hasenfratz, K. Jansen, J. Kuti, and Y. Shen, The
Equivalence of the top quark condensate and the elementary Higgs field,
TASI Lectures on the Higher Spin - CFT duality 73
Nucl.Phys. B365, 79–97 (1991). doi: 10.1016/0550-3213(91)90607-Y.
[77] J. Zinn-Justin, Four fermion interaction near four-dimensions, Nucl.Phys.
B367, 105–122 (1991). doi: 10.1016/0550-3213(91)90043-W.
[78] E. Witten, SL(2,Z) action on three-dimensional conformal field theories
with Abelian symmetry (2003).
[79] C.-M. Chang, S. Minwalla, T. Sharma, and X. Yin, ABJ Triality: from
Higher Spin Fields to Strings, J.Phys. A46, 214009 (2013). doi: 10.1088/
1751-8113/46/21/214009.
[80] T. Appelquist and R. D. Pisarski, High-Temperature Yang-Mills Theories
and Three-Dimensional Quantum Chromodynamics, Phys.Rev. D23, 2305
(1981). doi: 10.1103/PhysRevD.23.2305.
[81] T. Appelquist, D. Nash, and L. C. R. Wijewardhana, Critical behavior in
(2+1)-dimensional QED, Physical Review Letters. 60, 2575–2578 (1988).
doi: 10.1103/PhysRevLett.60.2575.
[82] R. G. Leigh and A. C. Petkou, SL(2,Z) action on three-dimensional CFTs
and holography, JHEP. 0312, 020 (2003).
[83] X. Bekaert, E. Joung, and J. Mourad, Effective action in a higher-spin
background, JHEP. 1102, 048 (2011). doi: 10.1007/JHEP02(2011)048.
[84] M. A. Vasiliev, Holography, Unfolding and Higher-Spin Theory, J. Phys.
A46, 214013 (2013). doi: 10.1088/1751-8113/46/21/214013.
[85] D. Anselmi, Theory of higher spin tensor currents and central charges,
Nucl.Phys. B541, 323–368 (1999). doi: 10.1016/S0550-3213(98)00783-4.
[86] D. Anselmi, Higher spin current multiplets in operator product expansions,
Class.Quant.Grav. 17, 1383–1400 (2000). doi: 10.1088/0264-9381/17/6/
305.
[87] M. Vasiliev, Higher spin superalgebras in any dimension and their represen-
tations, JHEP. 0412, 046 (2004). doi: 10.1088/1126-6708/2004/12/046.
[88] F. Dolan, Character formulae and partition functions in higher dimensional
conformal field theory, J.Math.Phys. 47, 062303 (2006). doi: 10.1063/1.
2196241.
[89] K. Alkalaev, Mixed-symmetry tensor conserved currents and AdS/CFT
correspondence, J.Phys. A46, 214007 (2013). doi: 10.1088/1751-8113/46/
21/214007.
[90] S. Giombi, I. R. Klebanov, and A. A. Tseytlin, Partition Functions and
Casimir Energies in Higher Spin AdSd+1/CFTd, Phys. Rev.D90(2), 024048
(2014). doi: 10.1103/PhysRevD.90.024048.
[91] X. Bekaert, E. Meunier, and S. Moroz, Towards a gravity dual of the uni-
tary Fermi gas, Phys.Rev. D85, 106001 (2012). doi: 10.1103/PhysRevD.
85.106001.
[92] X. Bekaert, E. Joung, and J. Mourad, Comments on higher-spin hologra-
phy, Fortsch.Phys. 60, 882–888 (2012). doi: 10.1002/prop.201200014.
[93] G. Parisi, The Theory of Nonrenormalizable Interactions. 1. The Large
N Expansion, Nucl.Phys. B100, 368 (1975). doi: 10.1016/0550-3213(75)
90624-0.
[94] L. Fei, S. Giombi, and I. R. Klebanov, Critical O(N) Models in 6 − 
Dimensions, Phys.Rev. D90, 025018 (2014). doi: 10.1103/PhysRevD.90.
74 Simone Giombi
025018.
[95] L. Fei, S. Giombi, I. R. Klebanov, and G. Tarnopolsky, Three loop analysis
of the critical O(N) models in 6−  dimensions, Phys.Rev. D91(4), 045011
(2015). doi: 10.1103/PhysRevD.91.045011.
[96] J. A. Gracey, Four loop renormalization of φ3 theory in six dimensions,
Phys. Rev. D92(2), 025012 (2015). doi: 10.1103/PhysRevD.92.025012.
[97] S. Banerjee, S. Hellerman, J. Maltz, and S. H. Shenker, Light States in
Chern-Simons Theory Coupled to Fundamental Matter, JHEP. 03, 097
(2013). doi: 10.1007/JHEP03(2013)097.
[98] G. Gur-Ari and R. Yacoby, Correlators of Large N Fermionic Chern-Simons
Vector Models, JHEP. 02, 150 (2013). doi: 10.1007/JHEP02(2013)150.
[99] S. G. Naculich, H. A. Riggs, and H. J. Schnitzer, Group Level Duality
in WZW Models and Chern-Simons Theory, Phys. Lett. B246, 417–422
(1990). doi: 10.1016/0370-2693(90)90623-E.
[100] E. J. Mlawer, S. G. Naculich, H. A. Riggs, and H. J. Schnitzer, Group
level duality of WZW fusion coefficients and Chern-Simons link observables,
Nucl. Phys. B352, 863–896 (1991). doi: 10.1016/0550-3213(91)90110-J.
[101] M. Camperi, F. Levstein, and G. Zemba, The Large N Limit of Chern-
Simons Gauge Theory, Phys. Lett. B247, 549–554 (1990). doi: 10.1016/
0370-2693(90)91899-M.
[102] A. J. Niemi and G. W. Semenoff, Axial Anomaly Induced Fermion Frac-
tionization and Effective Gauge Theory Actions in Odd Dimensional Space-
Times, Phys. Rev. Lett. 51, 2077 (1983). doi: 10.1103/PhysRevLett.51.
2077.
[103] A. N. Redlich, Parity Violation and Gauge Noninvariance of the Effec-
tive Gauge Field Action in Three-Dimensions, Phys. Rev. D29, 2366–2374
(1984). doi: 10.1103/PhysRevD.29.2366.
[104] A. N. Redlich, Gauge Noninvariance and Parity Violation of Three-
Dimensional Fermions, Phys. Rev. Lett. 52, 18 (1984). doi: 10.1103/
PhysRevLett.52.18.
[105] O. Aharony, Baryons, monopoles and dualities in Chern-Simons-matter
theories, JHEP. 02, 093 (2016). doi: 10.1007/JHEP02(2016)093.
[106] o. Radicevic, Disorder Operators in Chern-Simons-Fermion Theories,
JHEP. 03, 131 (2016). doi: 10.1007/JHEP03(2016)131.
[107] S. Jain, S. P. Trivedi, S. R. Wadia, and S. Yokoyama, Supersymmetric
Chern-Simons Theories with Vector Matter, JHEP. 10, 194 (2012). doi:
10.1007/JHEP10(2012)194.
[108] O. Aharony, S. Giombi, G. Gur-Ari, J. Maldacena, and R. Yacoby, The
Thermal Free Energy in Large N Chern-Simons-Matter Theories, JHEP.
03, 121 (2013). doi: 10.1007/JHEP03(2013)121.
[109] S. Jain, S. Minwalla, and S. Yokoyama, Chern Simons duality with a
fundamental boson and fermion, JHEP. 11, 037 (2013). doi: 10.1007/
JHEP11(2013)037.
[110] A. Giveon and D. Kutasov, Seiberg Duality in Chern-Simons Theory,
Nucl.Phys. B812, 1–11 (2009). doi: 10.1016/j.nuclphysb.2008.09.045.
[111] F. Benini, C. Closset, and S. Cremonesi, Comments on 3d Seiberg-like
TASI Lectures on the Higher Spin - CFT duality 75
dualities, JHEP. 1110, 075 (2011). doi: 10.1007/JHEP10(2011)075.
[112] G. Gur-Ari and R. Yacoby, Three Dimensional Bosonization From Super-
symmetry, JHEP. 11, 013 (2015). doi: 10.1007/JHEP11(2015)013.
[113] S. Jain, S. Minwalla, T. Sharma, T. Takimi, S. R. Wadia, and S. Yokoyama,
Phases of large N vector Chern-Simons theories on S2 × S1, JHEP. 09,
009 (2013). doi: 10.1007/JHEP09(2013)009.
[114] M. Moshe and J. Zinn-Justin, 3D Field Theories with Chern–Simons Term
for Large N in the Weyl Gauge, JHEP. 01, 054 (2015). doi: 10.1007/
JHEP01(2015)054.
[115] K. Inbasekar, S. Jain, S. Mazumdar, S. Minwalla, V. Umesh, and
S. Yokoyama, Unitarity, crossing symmetry and duality in the scattering
of N = 1 susy matter Chern-Simons theories, JHEP. 10, 176 (2015). doi:
10.1007/JHEP10(2015)176.
[116] A. Bedhotiya and S. Prakash, A test of bosonization at the level of four-
point functions in Chern-Simons vector models, JHEP. 12, 032 (2015). doi:
10.1007/JHEP12(2015)032.
[117] A. Karch and D. Tong, Particle-Vortex Duality from 3d Bosonization, Phys.
Rev. X6(3), 031043 (2016). doi: 10.1103/PhysRevX.6.031043.
[118] J. Murugan and H. Nastase, Particle-vortex duality in topological insulators
and superconductors (2016).
[119] N. Seiberg, T. Senthil, C. Wang, and E. Witten, A Duality Web in 2+1
Dimensions and Condensed Matter Physics, Annals Phys. 374, 395–433
(2016). doi: 10.1016/j.aop.2016.08.007.
[120] C. Fronsdal, Massless Fields with Integer Spin, Phys. Rev. D18, 3624
(1978). doi: 10.1103/PhysRevD.18.3624.
[121] C. Fronsdal, Singletons and Massless, Integral Spin Fields on de Sitter
Space (Elementary Particles in a Curved Space. 7., Phys. Rev. D20, 848–
856 (1979). doi: 10.1103/PhysRevD.20.848.
[122] J. Fang and C. Fronsdal, Massless Fields with Half Integral Spin, Phys.
Rev. D18, 3630 (1978). doi: 10.1103/PhysRevD.18.3630.
[123] J. Fang and C. Fronsdal, Massless, Half Integer Spin Fields in De Sitter
Space, Phys. Rev. D22, 1361 (1980). doi: 10.1103/PhysRevD.22.1361.
[124] L. P. S. Singh and C. R. Hagen, Lagrangian formulation for arbitrary spin.
1. The boson case, Phys. Rev.D9, 898–909 (1974). doi: 10.1103/PhysRevD.
9.898.
[125] C. Aragone and S. Deser, Consistency Problems of Hypergravity, Phys.
Lett. B86, 161–163 (1979). doi: 10.1016/0370-2693(79)90808-6.
[126] M. Taronna. Higher-Spin Interactions: three-point functions and be-
yond. PhD thesis, Pisa, Scuola Normale Superiore (2012). URL http:
//inspirehep.net/record/1188191/files/arXiv:1209.5755.pdf.
[127] E. Witten, (2+1)-Dimensional Gravity as an Exactly Soluble System, Nucl.
Phys. B311, 46 (1988). doi: 10.1016/0550-3213(88)90143-5.
[128] V. E. Lopatin and M. A. Vasiliev, Free Massless Bosonic Fields of Arbitrary
Spin in d-dimensional De Sitter Space, Mod. Phys. Lett. A3, 257 (1988).
doi: 10.1142/S0217732388000313.
[129] V. E. Didenko and E. D. Skvortsov, Elements of Vasiliev theory (2014).
76 Simone Giombi
[130] X. Bekaert, S. Cnockaert, C. Iazeolla, and M. Vasiliev, Nonlinear higher
spin theories in various dimensions (2005).
[131] C. Iazeolla, On the Algebraic Structure of Higher-Spin Field Equations and
New Exact Solutions (2008).
[132] V. E. Didenko and M. A. Vasiliev, Static BPS black hole in 4d higher-
spin gauge theory, Phys. Lett. B682, 305–315 (2009). doi: 10.1016/
j.physletb.2013.04.021,10.1016/j.physletb.2009.11.023. [Erratum: Phys.
Lett.B722,389(2013)].
[133] S. Giombi and X. Yin, The Higher Spin/Vector Model Duality, J.Phys.
A46, 214003 (2013). doi: 10.1088/1751-8113/46/21/214003.
[134] E. Sezgin and P. Sundell, Analysis of higher spin field equations in four-
dimensions, JHEP. 0207, 055 (2002).
[135] N. Boulanger, P. Kessel, E. D. Skvortsov, and M. Taronna, Higher spin
interactions in four-dimensions: Vasiliev versus Fronsdal, J. Phys. A49(9),
095402 (2016). doi: 10.1088/1751-8113/49/9/095402.
[136] M. A. Vasiliev, Current Interactions, Locality and Holography from the
0-Form Sector of Nonlinear Higher-Spin Equations (2016).
[137] V. Didenko, J. Mei, and E. Skvortsov, Exact higher-spin symmetry in
CFT: free fermion correlators from Vasiliev Theory, Phys.Rev.D88, 046011
(2013). doi: 10.1103/PhysRevD.88.046011.
[138] S. Giombi and X. Yin, Unpublished .
[139] M. A. Vasiliev, Invariant Functionals in Higher-Spin Theory (2015).
[140] S. Konstein and M. A. Vasiliev, EXTENDED HIGHER SPIN SUPER-
ALGEBRAS AND THEIR MASSLESS REPRESENTATIONS, Nucl.Phys.
B331, 475–499 (1990). doi: 10.1016/0550-3213(90)90216-Z.
[141] M. A. Vasiliev, Algebraic aspects of the higher spin problem, Phys.Lett.
B257, 111–118 (1991). doi: 10.1016/0370-2693(91)90867-P.
[142] M. A. Vasiliev, Properties of equations of motion of interacting gauge fields
of all spins in (3+1)-dimensions, Class.Quant.Grav. 8, 1387–1417 (1991).
doi: 10.1088/0264-9381/8/7/014.
[143] M. A. Vasiliev, EXTENDED HIGHER SPIN SUPERALGEBRAS AND
THEIR REALIZATIONS IN TERMS OF QUANTUM OPERATORS,
Fortsch.Phys. 36, 33–62 (1988).
[144] J. Engquist, E. Sezgin, and P. Sundell, On N=1, N=2, N=4 higher
spin gauge theories in four-dimensions, Class.Quant.Grav. 19, 6175–6196
(2002). doi: 10.1088/0264-9381/19/23/316.
[145] A. Jevicki, K. Jin, and J. Yoon, 1/N and loop corrections in higher spin
AdS4/CFT3 duality, Phys. Rev. D89(8), 085039 (2014). doi: 10.1103/
PhysRevD.89.085039.
[146] M. Beccaria and A. A. Tseytlin, Higher spins in AdS5 at one loop: vac-
uum energy, boundary conformal anomalies and AdS/CFT, JHEP. 11, 114
(2014). doi: 10.1007/JHEP11(2014)114.
[147] M. Beccaria and A. A. Tseytlin, Vectorial AdS5/CFT4 duality for spin-
one boundary theory, J. Phys. A47(49), 492001 (2014). doi: 10.1088/
1751-8113/47/49/492001.
[148] M. Beccaria, G. Macorini, and A. A. Tseytlin, Supergravity one-loop cor-
TASI Lectures on the Higher Spin - CFT duality 77
rections on AdS7 and AdS3, higher spins and AdS/CFT, Nucl. Phys.B892,
211–238 (2015). doi: 10.1016/j.nuclphysb.2015.01.014.
[149] S. Hirano, M. Honda, K. Okuyama, and M. Shigemori, ABJ Theory in the
Higher Spin Limit, JHEP. 08, 174 (2016). doi: 10.1007/JHEP08(2016)174.
[150] J.-B. Bae, E. Joung, and S. Lal, One-loop test of free SU(N ) adjoint model
holography, JHEP. 04, 061 (2016). doi: 10.1007/JHEP04(2016)061.
[151] R. C. Myers and A. Sinha, Holographic c-theorems in arbitrary dimen-
sions, JHEP. 1101, 125 (2011). doi: 10.1007/JHEP01(2011)125. 62 pages,
4 figures, few typo’s corrected.
[152] H. Casini, M. Huerta, and R. C. Myers, Towards a Derivation of Holo-
graphic Entanglement Entropy, JHEP. 05, 036 (2011). doi: 10.1007/
JHEP05(2011)036.
[153] D. L. Jafferis, I. R. Klebanov, S. S. Pufu, and B. R. Safdi, Towards the
F-Theorem: N = 2 Field Theories on the Three- Sphere, JHEP. 06, 102
(2011). doi: 10.1007/JHEP06(2011)102.
[154] I. R. Klebanov, S. S. Pufu, and B. R. Safdi, F-Theorem without Supersym-
metry, JHEP. 1110, 038 (2011). doi: 10.1007/JHEP10(2011)038.
[155] H. Casini and M. Huerta, On the RG running of the entanglement en-
tropy of a circle, Phys.Rev. D85, 125016 (2012). doi: 10.1103/PhysRevD.
85.125016.
[156] S. Ryu and T. Takayanagi, Holographic Derivation of Entanglement En-
tropy from AdS/CFT, Phys. Rev. Lett. 96, 181602 (2006). doi: 10.1103/
PhysRevLett.96.181602.
[157] E. Sezgin and P. Sundell, Geometry and Observables in Vasiliev’s Higher
Spin Gravity, JHEP. 07, 121 (2012). doi: 10.1007/JHEP07(2012)121.
[158] M. R. Gaberdiel, R. Gopakumar, and A. Saha, Quantum W -symmetry in
AdS3, JHEP. 1102, 004 (2011). doi: 10.1007/JHEP02(2011)004.
[159] M. R. Gaberdiel, D. Grumiller, and D. Vassilevich, Graviton 1-loop parti-
tion function for 3-dimensional massive gravity, JHEP. 1011, 094 (2010).
doi: 10.1007/JHEP11(2010)094.
[160] R. K. Gupta and S. Lal, Partition Functions for Higher-Spin theories in
AdS, JHEP. 1207, 071 (2012). doi: 10.1007/JHEP07(2012)071.
[161] S. Hawking, Zeta Function Regularization of Path Integrals in Curved
Space-Time, Commun.Math.Phys. 55, 133 (1977). doi: 10.1007/
BF01626516.
[162] R. Camporesi and A. Higuchi, Arbitrary spin effective potentials in anti-
de Sitter space-time, Phys.Rev. D47, 3339–3344 (1993). doi: 10.1103/
PhysRevD.47.3339.
[163] R. Camporesi and A. Higuchi, Spectral functions and zeta functions in
hyperbolic spaces, J.Math.Phys. 35, 4217–4246 (1994). doi: 10.1063/1.
530850.
[164] S. Christensen and M. Duff, Quantizing Gravity with a Cosmological Con-
stant, Nucl.Phys. B170, 480 (1980). doi: 10.1016/0550-3213(80)90423-X.
[165] D. E. Diaz and H. Dorn, Partition functions and double-trace deformations
in AdS/CFT, JHEP. 0705, 046 (2007). doi: 10.1088/1126-6708/2007/05/
046.
78 Simone Giombi
[166] Z. M. Tan, Princeton University Undergraduate Thesis (2014) .
[167] Y. Pang, E. Sezgin, and Y. Zhu, One Loop Tests of Supersymmetric Higher
Spin AdS4/CFT3 (2016).
[168] M. Gunaydin, E. D. Skvortsov, and T. Tran, Exceptional F(4) Higher-Spin
Theory in AdS(6) at One-Loop and other Tests of Duality (2016).
[169] S. Giombi, I. R. Klebanov, and Z. M. Tan, The ABC of Higher-Spin
AdS/CFT (2016).
[170] N. Beisert, M. Bianchi, J. F. Morales, and H. Samtleben, On the spectrum
of AdS / CFT beyond supergravity, JHEP. 02, 001 (2004). doi: 10.1088/
1126-6708/2004/02/001.
[171] N. Beisert, M. Bianchi, J. F. Morales, and H. Samtleben, Higher spin sym-
metry and N=4 SYM, JHEP. 07, 058 (2004). doi: 10.1088/1126-6708/
2004/07/058.
[172] M. R. Douglas, L. Mazzucato, and S. S. Razamat, Holographic dual of free
field theory, Phys.Rev. D83, 071701 (2011). doi: 10.1103/PhysRevD.83.
071701.
[173] R. d. M. Koch, A. Jevicki, K. Jin, and J. P. Rodrigues, AdS4/CFT3
Construction from Collective Fields, Phys.Rev. D83, 025006 (2011). doi:
10.1103/PhysRevD.83.025006.
[174] A. Jevicki, K. Jin, and Q. Ye, Collective Dipole Model of AdS/CFT
and Higher Spin Gravity, J.Phys.A. A44, 465402 (2011). doi: 10.1088/
1751-8113/44/46/465402.
[175] A. Jevicki, K. Jin, and Q. Ye. Bi-local Model of AdS/CFT and Higher
Spin Gravity. In Proceedings, 11th Workshop on Non-Perturbative Quan-
tum Chromodynamics: Paris, France, June 6-10, 2011 (2011). URL http:
//inspirehep.net/record/1080943/files/arXiv:1112.2656.pdf.
[176] R. G. Leigh, O. Parrikar, and A. B. Weiss, The Holographic Geometry of
the Renormalization Group and Higher Spin Symmetries, Phys.Rev. D89,
106012 (2014). doi: 10.1103/PhysRevD.89.106012.
[177] R. G. Leigh, O. Parrikar, and A. B. Weiss, Exact renormalization group
and higher-spin holography, Phys. Rev. D91(2), 026002 (2015). doi: 10.
1103/PhysRevD.91.026002.
[178] E. Mintun and J. Polchinski, Higher Spin Holography, RG, and the Light
Cone (2014).
[179] S. R. Das and A. Jevicki, Large N collective fields and holography,
Phys.Rev. D68, 044011 (2003). doi: 10.1103/PhysRevD.68.044011.
[180] S. H. Shenker and X. Yin, Vector Models in the Singlet Sector at Finite
Temperature (2011).
[181] C. Iazeolla and P. Sundell, Families of exact solutions to Vasiliev’s 4D
equations with spherical, cylindrical and biaxial symmetry, JHEP. 1112,
084 (2011). doi: 10.1007/JHEP12(2011)084.
